A New Type System for Deadlock-Free
Processes

Naoki Kobayashi

Graduate School of Information Sciences, Tohoku University

Abstract. We extend a previous type system for the m-calculus that
guarantees deadlock-freedom. The previous type systems for deadlock-
freedom either lacked a reasonable type inference algorithm or were not
strong enough to ensure deadlock-freedom of processes using recursion.
Although the extension is fairly simple, the new type system admits type
inference and is much more expressive than the previous type systems
that admit type inference. In fact, we show that the simply-typed A-
calculus with recursion can be encoded into the deadlock-free fragment
of our typed m-calculus. To enable analysis of realistic programs, we
also present an extension of the type system to handle recursive data
structures like lists. Both extensions have already been incorporated into
the recent release of TyPiCal, a type-based analyzer for the m-calculus.

1 Introduction

Various type systems for the m-calculus have been proposed, some of which can
guarantee that processes are deadlock-free in the sense that certain communica-
tions will eventually succeed unless the process diverges [3, 5,6, 8,10, 15]. (Some
of them guarantee even a stronger property.) Earlier type systems for deadlock-
freedom [5, 6, 14, 15] required explicit type annotations, so that they were not
suitable for automatic analysis of deadlock-freedom. Kobayashi et al. [8, 10] later
modified the type systems so that the resulting type systems have a type infer-
ence algorithm, and deadlock-freedom of processes can be automatically ana-
lyzed through type inference.

Based on the type system of [8], Kobayashi has implemented the first version
of TyPiCal (ver. 1.0), a type-based analyzer for the m-calculus. Figure 1 shows
a sample input and output of the deadlock analysis of TyPiCal. The first line in
the input program runs two servers, one of which waits for a request on channel
serverl and sends 1 back to the reply channel r, and the other of which waits
for a request on channel server2 and may or may not send a reply, depending on
the value of b. (Here, ?, !, and | represent an input action, an output action, and
parallel composition respectively. 0 represents an inaction.) The second line runs
a client process, which creates a fresh communication channel r1 for receiving
a reply, sends a request on serverl, and waits for a reply. The client process
on the third line behaves similarly, except that it sends a request on server?2.
Given that program, TyPiCal’s deadlock analyzer automatically finds input and



output operations that are guaranteed to succeed if they are ever executed and if
the whole process does not diverge, and mark them with ?? and !!. The output
shown in the figure indicates that the first client can eventually receive a reply
(note that r1?7x has been replaced by r1??x), while the second client may not
be able to receive a reply (r27x remains the same).

Input program:

*(serverl?r.r!1) | *(server2?r.if b then r!1 else 0) /* Servers */
| new r1 in serverl!rl.r1?x /* A client for the first server */
| new r2 in server2!r2.r27x /* A client for the second server */

Output:
*(serverl?r.r!!1) | *(server2?r.if b then r!!1l else 0)
| new rl in serverl!!r1.r177?x | new r2 in server2!!r2.r27x

Fig. 1. A sample input and output of the deadlock analysis of TyPiCal

To enable type inference, however, we have traded the strength of the type
system [8,10]. In particular, the previous type systems for deadlock-freedom
equipped with type inference algorithms cannot well handle recursive processes.
For example, consider the following function server, which computes the factorial:

*fact?(n,r).if n=0 then r!'1
else new rl in (fact!(n-1,r1) | ri1?x.r!(x*n))

The server is deadlock-free in the sense that given a request, it will eventually re-
turns a result unless the process diverges (actually, the process does not diverge,
but the termination analysis is out of scope of this paper), but the previous
type systems fail to conclude that. Even the simply-typed A-calculus (without
recursion) could not be encoded into the deadlock-free fragment of the previous
type systems [8, 10]. On the other hand, an earlier type system of Kobayashi [5]
could handle the above recursive process, but it was so complicated that a type
inference algorithm could not be developed.

In this paper, we introduce a simple extension of the type system for deadlock-
freedom [8,10], which allows us to handle recursive processes like above, while
keeping the existence of a type inference algorithm. Unlike the previous type
systems which deal with pure polyadic w-calculus, we also extend the target lan-
guage with data structures like pairs and lists. We have already incorporated
those extensions into the recent version of TyPiCal.

The rest of this paper is structured as follows. Section 2 introduces our target
language (with only pairs as data structures). Section 3 introduces our new
type system for deadlock-freedom, and shows its soundness. To demonstrate the
strength of our type system, Section 4 shows that the simply-typed A-calculus
with recursion can be encoded into the deadlock-free fragment of our typed
calculus. Section 5 informally explains how to deal with list data structures.



2 Target Language

This section introduces the target language of our deadlock analysis, which is a
subset of m-calculus [12] extended with booleans, pairs, and conditionals.

2.1 Syntax

Definition 21 (processes) The set of processes, ranged over by P, is defined
by:

P:=0]z!tv. P|x?y. P

(P|Q)|*P | (vx) P |if v then P else Q |let z =¢ in P
e = true| false | x| {e1,e2) | proj,(e) | projy(e)

v == true | false | x | {(vy,va)

Here, x and y range over a countably infinite set Var of variables. t ranges over
Nat U {co}.

Notation 21 The prefiz x?7y binds variables y and (vzx) binds x. As usual,
we identify processes up to a-conversions (renaming of bound variables), and
assume that a-conversions are implicitly applied so that bound variables are al-
ways different from each other and from free variables. We write [x — v]P for
the process obtained by replacing all the free occurrences of x in P with v. We
often omit 0 and write x!v and x?y for x!v.0 and x7y.0 respectively.

We assume that prefizes (xlv, x?y, (vz), and *) bind tighter than the parallel
composition operator |, so that xly. P | Q means (zly. P) | Q, notz!y. (P| Q). We
often write x7(y, z). P for x?p.let y = proj, (p) in let z = proj,(p) in P (where
we assume p does not appear in P).

Process 0 does nothing. Process z!®v. P sends v on x, and then (after v is re-
ceived by some process) the process behaves like P. The label ¢ indicates whether
the output operation is deadlock-free: If ¢ £ oo, then the output is deadlock-free,
i.e., if it is ever executed, v will eventually be received by some process or the
whole process diverges. The exact value of ¢ can be ignored at this moment; it
will only be used in the type system. We call ¢ a capability annotation. Note
that programmers actually need not supply capability annotations; They are
automatically inferred through type inference. We often omit ¢ when it is unim-
portant. Process x?%y. P waits to receive a value v on x and then behaves like
[y — v]P. The label ¢ indicates whether the input operation is deadlock-free: If
t # oo, then the input is deadlock-free, i.e., if it is ever executed, the process will
eventually be able to receive a message on x or the whole process diverges. P |Q
represents concurrent execution of P and Q). * P represents infinitely many copies
of the process P running in parallel, and (vz) P denotes a process that creates
a fresh communication channel x and then behaves like P. if v then P else @
behaves like P if v is true, and behaves like @ if v is false. let x = e in P
evaluates e to some value v, binds z to it, and then behaves like P.



2.2 Operational Semantics

As usual, we define the operational semantics using a structural relation P < @,
and a reduction relation P — (). The former relation means that P can be
restructured to @ by using the commutativity and associativity laws on |, etc.
The latter relation means that P is reduced to () by one communication on a
channel. The formal definition of the relations are given in the full paper [?]. We
write —* for the reflexive and transitive closure of —.

3 Type System

We introduce the new type system for deadlock-freedom in this section.

3.1 Overview

We first review the idea of previous type systems for deadlock-freedom [8,10],
identify the weakness of them, and then explain how to get rid of the weakness.

Ideas of previous type systems for deadlock-freedom The main idea of
previous type systems for deadlock-freedom was to extend channel types with
the following information:

— Channel-wise usage information, which describes how often and in which
order each channel is used for input and output.

— Capability and obligation of each input/output action, which captures cer-
tain inter-channel dependency information.

We express channel-wise usage information by using a small, CCS-like process
calculus, which has two primitive actions ? and !. For example, usage of x in
the process 2?7y | z!1 | 2!2 is expressed by 7 |!|!, which means that z is used once
for input and twice for output possibly in parallel. The usage of = in z7y. x!y is
expressed by ?7.!, which means that x is first used for input, and then used for
output. The usage conveys some information about whether each action succeeds
or not. For example, = having usage 7 |!|! indicates that at least one of the two
outputs fails to succeed. Similarly, z having usage 7.! (in the whole process)
indicates that neither an input action nor an output action succeeds, since the
input and output do not occur in parallel.

Channel-wise usage information alone is not sufficient for the analysis of
deadlock. For example, it cannot distinguish between a deadlocked process
x?z.y!z|y?z. 2!1 and a non-deadlocked process z7z.y!z|z!1.y?z.. To control
the dependency between communications on different channels, we have in-
troduced the notion of capabilities and obligations [6,8]. Let us explain why
x?z.ylz |y?z. 2!l deadlocks in terms of capabilities (to successfully receive or
send a message) and obligations (to wait for or to send a message). In order
for the left sub-process z7z.y!z to succeed in receiving a message on x, some
process has to fulfill an obligation to send a message on x. The right sub-process,



however, tries to exercise a capability to receive a message on y before fulfilling
the obligation. In order for the right sub-process to be able to exercise a ca-
pability, the left process must fulfill an obligation to send a message on y, but
the left process tries to exercise a capability to receive a message on x before
fulfilling the obligation. Thus, the capability /obligation dependency is circular,
so that no communication can succeed. To avoid such circular dependency, each
action (7 or !) in the channel-wise usage is associated with the levels of obliga-
tions and capabilities, which range over {0,1,2,...} U {oco}. The capability and
obligation levels impose the following rules on the behavior of a process and its
environment.

A. An obligation of level n(# oco) must be fulfilled by using only capabilities
of level less than n. For example, suppose that = has usage ?) and y has
usage 1, where the subscript of an action describes its capability level and
the superscript describes its obligation level. Then, z7z.y!z and 7z |y!1 are
valid, but y!1. 27z is invalid: the last process tries to exercise a capability of
level 1 before fulfilling the obligation of lower level.

B. For an action of capability level n(# oo), there must exist a co-action of
obligation level less than or equal to n (so as to guarantee that the capability
can be eventually exercised).

Therefore, the obligation level describes a requirement for the process being
concerned, while the capability level describes an assumption about the environ-
ment of the process being concerned. The two rules above ensure that there is
no cyclic dependency between capabilities and obligations of finite levels; thus,
deadlock-freedom is ensured for any action of a finite capability level.

Let us come back to the deadlocked process z7z.y!z | y?z.z!1. Suppose that
the usages of @ and y are 721 [1922 and ?2%} | 122, where ¢, and ¢, are finite.
Rule A above implies that c;1 < oy2 and c,1 < 052, while rule B implies that
Og2 S Cz1, Ozx1 < Cx2, Oy2 < Cyl, and Oy1 < Cy2. SO, we get Cr1 < Oy2 S Cy1 <
022 < Cz1, a contradiction.

Remark 1. A reader may wonder why a simpler approach of assigning a single
level to each name does not work. For example, one may be tempted to assign
levels I, and I, with I, < [, to z and y to conclude that z7z. ylz|y?z. z!1 is
wrong (since the lefthand process violates the order). This naive approach breaks
down when one tries to deal with more complicated examples. For example,
consider 2?z.y?z. (z!z. | y!z), where x and y are lock channels [5, 8]. The process
is innocent (it only tries to lock x and y in this order, and then release both
of them), but with the single level for each channel, we cannot assign a proper
order between [, and [, as the process performs a communication on z first,
then on y, and again on x.

Weakness of previous type systems The main weakness of the previous
type systems based on the idea above was that they cannot handle recursive
processes well. Consider the following function server computing the factorial:

xfact?(n,r).if n = 0 then r!1 else (vr’) (fact!(n — 1,7") | r'?m.rl(m x n))



The second argument r of fact is assigned a type of the form chan(int, !ii),
which says that the channel is used for sending an integer, and the levels of the
obligation and capability to do so are ¢, and t. respectively. Since 7’ is sent on
fact, it is also assigned the type chan(int, '§°) Then, because of rule B, however,
the capability level of the input action on / in 7/?m. - - - must be greater than t,.
So, the sub-process r'?m.r!(m x n) violates rule A (if ¢, is not oo). The same
problem arises even in handling a process simulating a term of the simply-typed
A-calculus (without recursion). One way to overcome the problem above is to
use dependent types, so that the obligation level of the second argument r can
depend on the value of the first argument n [6]. The resulting type system would,
however, require heavy type annotations.

The idea of the extension To get rid of the weakness mentioned above, we
weaken rule A as follows:

A’. An obligation of level n on a channel z must be fulfilled by using only
capabilities of level less than or equal to n, and if the capability level is n,
the capability must be on a channel which has been created more recently
than z.

For example, in the factorial server above, the level of an obligation to return
a value on r and that of a capability to receive a value on r’ are the same,
but since r’ has been created more recently, '?m.r!(m x n) conforms to rule
A’. Rule A’ is sufficient to prevent deadlock by avoiding circular dependency
between different channels. Since information about which channels has been
created more recently is dynamic, a static analysis is required to estimate the
information. In this paper, we use a simple syntactic analysis, which concludes
that, in the process (vx) P, x has been created more recently than any other free
channel of P. Fortunately, that turns out to be sufficient for handling recursive
processes like the factorial server and processes simulating A-terms.

In the formal operational semantics, a channel x being created more recently
than another channel y corresponds to the condition that the prefix (vz) is inside
the scope of the prefix (vy). Note that our operational semantics disallows the
usual structural rule (vz) (vy) P = (vy) (vz) P. The condition in A’ could be
the other way around; we could require that the capability must be on a channel
which has been created less recently than x. We, however, found the condition
above more useful than this alternative requirement. That is because one of the
common channel creation patterns is (vz) (P|z?y.Q), where P performs some
sub-computation and sends the result on z.

3.2 Usages

This subsection introduces the syntax and semantics of usages more formally.
They are almost identical to those of the previous type system [8].



Definition 31 (usages) The set U of usages, ranged over by U, is given by:

Uu=0|afl.U| (U |Us) | +U | 1'U | Uy & Us | p | pp.U
a =7

Here, t ranges over Nat U {oo} (where Nat is the set of natural numbers).

We often omit 0 and write a}g for ag .0. We extend the usual binary relation
< on Nat to that on Nat U {oo} by Vt € Nat U {oo}.t < co. We also extend
+ by oo+t =t+ 00 = co. We write min(zq,...,x,) for the least element of
{z1,...,2,} (00 if n = 0) with respect to < and write max(z1,...,z,) for the
greatest element of {z1,...,z,} (0 if n = 0). We assume that up binds p. We
write [p — U;]Us for the usage obtained by replacing the free occurrences of p
in Uy with U;. We write FV(U) for the set of free usage variables. A usage is
closed if FV(U) = 0.

Usages |Interpretation

0 Cannot be used at all

?iZ.U Used once for input, and then used according to U

!ﬁ‘C’.U Used once for output, and then used according to U

Uy |Usz |Used according to Ui and Us, possibly in parallel

«U Used according to U by infinitely many processes

1'U The same as U, except that input and output obligation levels
are lifted to t.

Ui & Uz |Used according to either Uy or Uz

p Usage variable (used in combination with recursive usages below)
up.U  |Recursively used according to [p — up.U]U.

Table 1. Meaning of Usage Expressions

Intuitive meaning of usages is summarized in Table 1. If ¢, is finite, a channel
of usage oziz.U must be used for the action «, while if ¢, is co, the action need
not be performed. When ¢, is finite, the action will eventually succeed if it is
ever executed and the whole process does not diverge. If ¢, is oo, there is no
such guarantee. Note that a channel of usage a;°.U must be used according to
U only if it has been used for the action « and the action succeeds. For example,
a channel of usage ?3°.!1%, can be used for input (but need not be used), and if it
has been used for input and the input has succeeded, it must be used for output.
That is similar to the usage of a lock: a lock may be acquired (but need not be
acquired), and after the lock has been acquired, the lock must be released. In
fact, a lock can be expressed as a channel of such usage: see Example 1. Usage
T'U lifts the obligation levels occurring in U (except for those guarded by ? or
1) so that the input obligations and output obligations become greater than or
equal to t. For example, 7(?5.1%) is the same as 75.1% .

We give a higher precedence to prefixes (a;° and *) than to |. We write @
for the co-action of a (? =! and ! =7?).



Ezample 1. Linear channels [9] are given a usage of the form 771 [!7'3. Affine
channels, which can be used at most once, are given a usage 72 | 1. A reference
cell can be implemented as a channel holding the current value as a message.
Then, the read operation is expressed as z?y. (z!y| - - -), while the write operation
is expressed as x?y. (zlv | - - -). The usage of a reference cell is thus represented as
19| %76°.19. . Similarly, a binary semaphore can be expressed as a channel holding
at most one message. The semaphore can be acquired by receiving the message,
and released by sending the message back to the channel. Thus, the usage of a
semaphore is represented as !9 | *7°°.I" . Here, the level n controls which locks
should be acquired first when multiple locks need to be acquired.

Next, we define capability /obligation levels of a usage.

Definition 32 (capabilities) The input and output capability levels of usage
U, written cap,(U) and cap,(U), are defined by:

cap,(0) = cap,,(@;°.U) = cap,(p) =00 cap,(a;°.U) = tc
cap o, (xU) = cap(1'U) = cap,(up.U) = cap, (V)
cap, (U1 |Us) = cap, (Ur & Us) = min(cap,, (Ur), cap,(Uz))

Definition 33 (obligations) The input and output obligation levels of a closed
usage U, written obs(U) and ob)(U), are defined by:

ba(0) = ob ( a2.U) = oo oba(p) =0

(a‘;: U)= 0bo (U1 | Uz) = min(ob, (Uy), 0by (Uz))
bo(170) = max(t 0b(U)) 0bo (U1 & Us) = max(0by (Ur), 0b(Us))
ba(xU) = oba(up.U) = 0ba(U)

We write ob(U) for max(ob(U), obi(U)).

We next introduce the usage reduction relation U — U’. Intuitively, U —
U’ means that if a channel of usage U has been used for a communication, then
it should be used according to U’ afterwards. For example, !9 ]?5°.19 —19
holds. The formal definition of the relation is given in the full paper [?].

Relations and operations on usages As described in rule B in Subsec-
tion 3.1, if some action has a capability of level n, the obligation level of its
co-action should be at most n. The relation rel(U) defined below ensures that
condition.

Definition 34 (reliability) We write con,(U) when obg(U) < cap,(U). We
write con(U) when both cons (U) and com(U) hold. A usage U is reliable, written
rel(U), if con(U") holds for any U’ such that U —* U’.

The subusage relation U; < Us defined below means that U; expresses more
liberal usage of channels than Us, so that a channel of usage U; may be used
as that of usage Us. The first and second conditions require that the subusage
relation is closed under contexts and reduction. The third and fourth conditions
allow capabilities to be weakened and obligations to be strengthened.



Definition 35 (subusage) The subusage relation < on closed usages is the
largest binary relation on usages such that the following conditions hold whenever
U, < Us.

1. [p— Uh)U < [p+— Us)U for any usage U such that FV(U) = {p}.

2. If Uy — Uj, then there exists Uy such that Uy — U] and U] < Uj.
3. For each o € {?,!}, cap,(U1) < cap,(Usz) holds.

4. For each o € {1}, if cong(Uy), then oby(Uy) > 0bo(Uz).

3.3 Types
Definition 36 (types) The set of types is given by:
T (types) ::= bool | 71 X 72 | chan(r,U)

Type bool is the type of booleans. The type 71 X 75 describes pairs consisting of
a value of type 71 and a value of type 2. The type chan(r, U) describes channels
that should be used according to U for transmitting values of type 7.

We extend relations and operations on usages to those on types.

Definition 37 (subtyping) A subtyping relation < is the least reflexive rela-
tion closed under the following rule:

U<y’ 7 <7 T < 7

chan(7,U) < chan(r,U’) 71 X T2 < 7] X 7

Definition 38 The obligation level of type 7, written ob(7), is defined by:
ob(bool) = 0o, 0b(71 X 72) = min(ob(71), 0b(72)), and ob(chan(r,U)) = 0b(U).

Definition 39 Unary operations x and 1* on types is defined by:
¥bool = 1"bool = bool, *(1y x 7) = (¥71) X (¥12), 1" (11 x 1) = (1'71) x (1" 72),
*(chan(7,U)) = chan(r, *U), and 1*(chan(r,U)) = chan(r, 1'U),

Definition 310 A (partial) binary operation | on types is defined by:

bool ‘ bool = bOOl, (T11 X T12) | (7'21 X 7—22) = (T11 "7'21) X (T12 "7'22), and
(chan(r,Uy)) | (chan(r,Us)) = chan(r, (U |Us)). 71| 72 is undefined if it does
not match any of the above rules.

3.4 Type Environment

A type environment is a mapping from a finite set of variables to types. We
use metavariables I' and A for type environments. We write @ for the type
environment whose domain is empty. When = & dom(I"), we write I',x: 7 for
the type environment I such that dom(I") = dom(I") U {z}, I''(z) = 7, and
I'(y) = I'(y) for all y € dom(I").

The operations and relations on types are pointwise extended to those on
type environments below.



For expressions

- (Tv-Var) I'Fe:mxm i€ {1,2}
r:ThxiT 0ob(13—;) = 0

I't- proj;(e) : 1

M (Tv-BooL) (Tv-Proy)
@+ b:bool
I'nte: Ibkes: I'ke: r<r
1hel:m 2Fex:m (Tv-PAIR) € /T = (Tv-WEAK)
I | IbF{er,e2) : 71 X T2 I'+e:T

For Processes

F,x:chan(r, U) F-<U{(x,y)|yeFV(P)\{x}} P rel(U)

T-NEwW
I'+2 (vz) P ( )
'+ P r<r’
(T-ZERO) (T-WEAK)
OF<0 't P
nNnes P InkH< P ' P
L=l Rk (T-PAR) - = (T-REP)
Fl‘F2F<P1|P2 *F|_<*P
I P Inkov:T y: Tt~ P (T-In)
z: chan(r, !,?c);<(l“1 | ) F< xlten. P z : chan(r, ??C);<F F< a?fey. P
(T-Ovur)
It Fv:bool
Innkte: Iyyz:tHL P IoHL P In -
LTerT 2T T T (ToLem) : = 2F<Q (T-1r)

nN|Ihtiletz=ein P I | I; - if v then P else Q

Fig. 2. Typing Rules

Definition 311 A binary relation < on type environments is defined by: 7 <
Iy if and only if (i) dom(I1) O dom(Iy), (it) I'n(z) < Iy(x) for each x €
dom(I%), and (iii) ob(I'1(x)) = 0o for each x € dom(I71)\dom([%s).

Definition 312 The operations | and * on type environments are defined by:

I (z) | Ie(z) if © € dom(I1) Ndom(I%)
(I | I)(x) = ¢ I'i(x) if x € dom(I'1)\dom(I%?)

Iy(x) if x € dom(Iz)\dom(I7)
(') (z) = +(I'(x))

3.5 Typing Rules

We have two kinds of judgments: I' F e : 7 for expressions, and I' - P for
processes. The latter means that P uses free variables as specified by I'. < is a



partial order that statically estimates the order between the times when channels
are created. x < y means that x must have been created more recently than y.
Because of rule A’, z:chan(bool,??),y: chan(bool,!})) F{(, )} 272 .y!z and
x:chan(bool, 7)),y :chan(bool,!l ) Fy 272.y!z are valid judgments, while
x:chan(bool, ?9),y: chan(bool, ! ) -y 2?2.y! 2 is invalid.

We assume that a-conversion is implicitly applied so that the variables in I"
and < are always different from the bound variables in P. The typing rules for
deriving valid type judgments are given in Figure 2.

We explain some key rules. In T-NEW, < is extended with the assumption
that x has been created more recently than any other free channels in P.

In T-OuT and T-IN, we use the operation z : chan(r, ai‘c’);<[‘ on type envi-
ronments. It represents the type environment A defined by:

dom(A) = {x} Udom(I)
Alw) = {chan(T, oo .U) if I'(z) = chan(r,U)
" | chan(r,a}°) if z & dom(I)
Aly) = ter(y) ify#zAz<y
VTN ity £ e na Ay

For example, z : chan(r, ?g);{(w)}(x :chan(,!0),y: chan(7,!3), z : chan(7,!3))
is z: chan(r,79.!9), y: chan(r, 12), 2 : chan(7, 13)).

Intuitively, the environment z :chan(r, ai‘:); <1 means that z may be first
used for the action «, and then communications can be performed according to
I'. Since the capability of level ¢, is exercised before fulfilling obligations in I,
the level of each obligation in I" are lifted either to ¢ or t. + 1, depending on <.

In rule T-IN, the premise means that P performs communications according
to I'. Since x7%y. P tries to exercise a capability of level t. to receive a value on
x, the process is well-typed under x : chan(r, ??C)RF-

Ezample 2. Let us consider the following process P:
xf7r. (if b then r!true else (vr') (flr' |7/ ?7x.7!2)).
It is typed as follows.

I'bgrlitrue Tk (vr')---
I' Fy if b then r!true else ---
f:chan(chan(bool, !l ), ?20.!80)7 b:bool -y frr. ---

f:chan(chan(bool, !1 ), %?% 15°) b:bool -y P

Here, I' is f:chan(chan(bool, !} ),!5°),b:bool,r:chan(bool, ! ), and
I'tg (vr')-- - is derived by:
Iy iy Sl r:ichan(bool,!L ), : chan(bool, ?9) by oy /7. rla
I',r":chan(bool, '} | ?9) by fU/ |7/ 72 7l
T o () -




Here, I = f:chan(chan(bool,!l)),!5°), 7" : chan(bool, !l ). Note that if v’ < r
did not hold, we could only obtain r:chan(bool,!?)), ' :chan(bool,??) F
#?x.7lx, so that f:chan(chan(bool, !l ), +?% 1), b:bool Fy P were not
derivable.

3.6 Type Soundness

The following theorems imply that if a process is well-typed in our type system,
an input or output process that is annotated with a finite capability level is
deadlock-free, in the sense that if the process is ready (i.e., it appears at the
top-level, without being guarded by any other input or output prefix), the whole
process can be reduced further.

We write I' — I when I' = I}, 2 : chan(7,U) and I = I}, z: chan(r,U’)
with U — U’ for some I, z,7,U, and U’.

Theorem 1 (type preservation). If I't+2 P and P — @, then I'" -4 Q for
some I'" such that I"' =T or I' — I".

Theorem 2. If§ -~ P and either P < (vT) (z!™v. Q1 | Q2) or
P =< (vx) (z?"y. Q1 | Q2) with n € Nat, then P — R for some R.

Corollary 1. Suppose 0 F- P. If P —* Q, and either Q < (v@) (z!™v. Q1 |
Q2) or @ <X (vT) (x?y. Q1 | Q2) with n € Nat, then Q — R for some R.

3.7 Type Inference

Given a closed process P (without any capability annotations on input and out-
put processes), there is a complete algorithm to decide whether there exists P’
such that ) Fy P’ holds and P and P’ coincide except for capability annota-
tions. Moreover, such an algorithm tries to infer the least capability for each
input/output process. Since the algorithm is almost the same as that of the pre-
vious type system [8], we do not re-describe the algorithm here; The algorithm
first extract constraints on types, reduce them step by step to obtain constraints
of the form rel(U), and then solve rel(U) by reduction to Petri net reachability
problems [8]. The only extra work compared with the previous one is to expand
the relation < when the algorithm encounters the v-prefix. We have already
implemented the algorithm in TyPiCal [4].

4 Encoding of A-calculus

To demonstrate the power of the new type system, we show that the call-by-value
simply-typed A-calculus with recursion can be encoded into the deadlock-free
fragment. Concurrent objects can also be encoded as in our previous paper [5].

Definition 41 The sets of types and terms of AT e given by the following
syntax:

0 (types) ::=bool| b — by

M (terms) ::=x | fix(f,z, M) | M1 M>



Here, fix(f,x, M) represents a recursive function f defined by f(z) S M. I f
does not appear in M, it is the same as the usual A-abstraction Az.M.
Typing rules are given as follows.

- TL-V.
Tz 0rz:0 (TL-VAR)
T,f:6 Oy, x:601 - M:0
S 61 = 02,261 2 (TL-FIx)
Tk fix(f,z,M):6, — 05
T4+ M, :0 % TkHMy:0
1:01 — 02 2:01 (TL-App)

7T+ M1M2:92

We encode terms, types, and type environments into our typed m-calculus as
follows, in a standard manner [5,11,13].

[z]" =rlz

[fix(f, 2, M)] = (vy) (rly | =2 (2, 7). [ MT")
[MiM:] = (vrq) (vra) (M ] [ [ M2 ]2 | ra?f.ora?z. fi(x, 7))

[bool] = bool
[601 — 62] = chan([¢; | xchan([62],!L,),*!5°)
[1:01,...,20:0,] =21: [01],-..,Zn: [ On]

Intuitively, a term M is encoded into [M] which evaluates M and sends the
result on channel r. The usage *!3° in the encoding of function types means that
a function can be invoked an arbitrary number of times, and the usage !’ means
that the function will eventually returns a result (or diverge).

It is easy to check that the typing is preserved by encoding.

Lemma 1. If T + M:0, then [T],r:chan([0],!L) o [M] .

The following is an immediate corollary of the above lemma, which means
that a process that simulates functional computation does not get deadlocked
before returning a result.

Corollary 2. If ) = M:0 and [M] —* P, then P — Q for some Q or
P < () (r'v. Q1] Q2) for some v,Q1,Qx.

Proof. Suppose () = M :0 and [M]" —* P. By Lemma 1, r:chan([0],!L) Fo
[M]" . By Theorem 1, we have r: chan([0],!L) k¢ P. Let R = (vr) (P|r?'2.0).
Then, § by R. By Theorem 2, we have R — R’, which implies either P — Q
or P = (vz) (rlv.Q1]Q2).



5 Extension for Recursive Data Structures

The language discussed so far is the m-calculus extended with pairs. We briefly
discuss a subtle point that arises when dealing with recursive data structures,
using the list data structure as an example.

Let us consider the following process, which waits to receive a list [ of chan-
nels, and sends true to all the channels in the list.

xbroadcast?l. if null(l) then 0 else
(let = hd(l) in (x!true| broadcast!tl(l)))

Here, hd(l) is the first element of the list [, and t1(l) is the rest.
A naive way to handle lists is to introduce list types of the form list(7), which
describes lists whose elements are of type 7, and the following typing rules:

I'te:list(7) I'te:list(7)
I'+hd(e): 7 I' = tl(e) : list(7)

However, we have to add the condition that 0b(7) = oo in both rules (just like
we had to impose the condition 0b(75_;) = oo in the rule for projections), since
hd(e) throws away the elements other than the head, and tl(e) throws away the
head. Thus, we can only assign list(chan(bool, $°)) to ! in the above example,
failing to infer that the server eventually sends messages to all the elements in
the list.

To overcome the problem above, we represent list types as list(7, 72), where
71 is the type of the first element, and 75 is the type of the rest of the elements,
and use the following types:

I'te:list(r, 72) 0b(72) = 00 I'te:list(ry,72) ob(m) = 0
I'+hd(e) : ny I+ tl(e) : list(m2, 72)

With these rules, we can assign list(chan(bool, !l ), chan(bool, !l )) to [ in
the example above, so that we can infer that the server eventually sends messages
to all the elements in the list.

The replacement of list(7) with list(7y,72) corresponds to the unfolding of
the recursive type pa.(1+ (7 X @) to 1 +7 X pa.(1 + (7 X «)). As in the case
of lists above, unfolding of recursive types in general seems to be useful to make
our type system for deadlock-freedom more robust.

6 Related Work

As already mentioned in Section 1, earlier type systems that can guarantee
deadlock-freedom [5, 14, 15] required explicit type annotations, having no rea-
sonable type inference algorithm. We have later modified the type systems to
make type inference tractable [8,10], with the sacrifice of some expressive power.



The type system proposed in this paper can be considered a reunion of the earlier
type systems [5, 14] and recent ones [8,10].

Some type systems [6, 8] can guarantee a stronger property that certain com-
munications will eventually succeed no matter whether the process diverges.
There are also type systems that guarantee the termination of processes [1, 16].
Unfortunately, the idea proposed in the present paper does not work for guar-
anteeing those stronger properties.

There are some studies of abstract interpretation for the m-calculus [2]. To
the best of our knowledge, deadlock-freedom analysis has not been studied in
that context. Our type-based analysis relies on a syntactic analysis of the order
in which channels are created. Abstract interpretation [2] might be useful for
obtaining more precise information about the order of channel creation.

7 Conclusion

We have proposed a new type system for deadlock-freedom of m-calculus pro-
cesses. The new type system admits type inference, while it is strictly more
expressive than the previous type systems that admit type inference. We have
also extended the type system to handle data structures like pairs and lists.
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A Reduction semantics of processes

Definition A1 The ecvaluation relation e | v is the least relation closed under
the following rules:

zlx

b € {true, false}
bib

er v ez vo

<617€2> I <U17U2>

e | (v, v2) 1€ {1,2}
prog;(e) I v;

Definition A2 The structural preorder =< is the least reflerive and transitive
relation closed under the following rules (P = Q denotes (P < Q)N (Q = P)):

P=P|o (S-ZERO)
PlQ=Q|P (S-CommuT)
PIQIR) = (PlQ)| R (S-Ass00)
(vz) P|Q = (vz) (P|Q) (if x is not free in Q) (S-NEW)
if truc then P else Q < P (S-IFT)
if false then P else Q < Q (S-IFF)
let 7 — ¢ iIel lzlavj [ — 0[P (S-LeT)
«P < +P|P (S-REP)

pP<P
TEs e (S-PAR)
__P3Q@ (S-CNEW)



Definition A3 The reduction relation — s the least relation closed under the
following rules:

zlv. P|z?y.Q — Py — v]Q (R-Com)
P—Q

PIR— QIR (RePar)

i (R-NEw)

(va) P — (va) Q

PjPl PI_>Q/ Qle

=~ (R-SP)

B Usage Reduction Semantics

Definition B1 = is the least reflexive and transitive relation on usages satisfy-
ing the following rules:

Uy |Us 2 U | Uy THUL | U) = (1'01) | (1702)

(U1 |U2) | Us = Uy | (U2 |Us)
Ul&UQ le (16{1,2})

U =U, Uy =Uj

Ui |Us 2 UL | Uy wup.U = [p— ppUU
«U < «U |U
U=<U'
talr.U < amatl) i U =<1t

Definition B2 (usage reduction) The binary relation — on usages is the
least relation closed under the following rules:

to i
?tc'Ul | !tZ.UQ — Uy |U2

U1*>U{
U1|U2—>U{|U2

U, XU U, — U, Uy 2 Uy
U1—>U2




C Proofs of Main Lemmas and Theorems

C.1 Proof of Theorem 1

The proof of the type preservation theorem is almost the same as that for the
previous type systems [6, 8].

We first note that the properties of the subusage relation in the previous
work [8] still hold for the subusage relation in the present paper, since they are
essentially the same except that some usage constructor (1) has been omitted
in the present paper. In particular, the following law on the subusage relation
plays an important role.

Lemma 2. o0.Uy | 177U, < o0 (UL | Uy).

We prepare the substitution lemma. A little care is required for the condition
on <.

Lemma 3 (substitution). If I, z:7+< P and Iy - v: 7 with ({z} x Vars)N <=
(Vars x {z})N <=0, then It | T2 < P.

Proof. The proof proceeds by induction on derivation of I, x:7 F< P, with
case analysis on the last rule used. We do not describe the detail since the proof
is boring and almost identical to the proof of the corresponding theorem. We
only mention the case for T-IN, where the condition on < is crucial. Suppose
Iy, z: 72 y?z. P;. There are two cases to consider: the case x = y and the case
x # y. We discuss only the first case, since the second case is simpler.

— Case z = y: In this case, we have:

Fg,ZITl F_< Pl
I',z:7 <x:chan(m,?9); I}

We can assume without loss of generality that I's = I'j, v: chan(r,U,), 2 : chan(r, U,)
for some Uy, U,, and I'§. So, we have

I,x:7 < z:chan(m,7));_ I3 = Tt"'llﬂ?’,,x:chan(ﬁ,?(t).Ugc),v:chan(ﬁ7 11y,).
This implies
I v:r <1704, v chan(my, 1770, | 70.U,)

Note that the equality comes from the condition that x(= y) is not related

by <. (This is the very place where we need the condition on <.)

By the assumption I F v: 7, it must be the case that v is a variable. So, by
applying the induction hypothesis to I', z : chan(7, U, ), v : chan(r,U,), 2 : 7 F<
P1, we obtain: (I§,v:chan(r,U,|U,)), z: 71 F< [x — v]P1. From this, we
obtain

v:chan(r, 79);- (I | v: chan(r, U, | Uy)) F< 0?2 [z — ] Py,



By applying T-WEAK, we further obtain
1 vichan(ry, 20 (U, | Uy) F< v?z. [z — v]P.
By using Lemma 2 and T-WEAK, we get:
T v chan(rm, 1770, | 20.0) 2 0?2 [ — ] Py

Using the fact Iy |v:7 < 1" 1%, v : chan(r, 11U, | 79.U,), we can further
apply T-WEAK to obtain

I|vitFgv?z [z — v)P.

Since I3 < v:7, we finally obtain
I Iy b [z — v)(a?2. Py).

— Case = # y: In this case, we have:

Iso:7',2:0b4 Py
I',z:7 <y:chan(o,?0); (I3, 2:7)

From the second condition, it must be the case that 7 < 1""'7/. With
7 < 1" 7" and Iy - v: 7, we can easily show (by induction on derivation of
Iy - v:7) that there exists I} such that I'j - v : 7/ and I < 1"T'I7%. So,
by applying the induction hypothesis to I's,z:7',2:0 b4 P;, we get

Iy I5,z:0 b [x— v]Py.
By applying T-IN, we obtain
y:chan(o,?0); (I3 | I3) F< y?2. [z — v]Py.
By Lemma 2 and I,z :7 < y:chan(o,?9);_ (I3, 2:7'), we have

F1|F2 S (y:chan(a,?n);<F3)|F2
< y:chan(o,70); (I3 | I)

Therefore, by applying T-WEAK, we obtain
IRk y?z [z — 0P
as required.
The next lemma says that typing is preserved by the structural relation.
Lemma 4. If I'+- P and P <X Q, then ' -4 Q.
Proof. Straightforward induction on derivation of P < Q.

Lemma 5. If I' < I" — A’, then there exists A such that I — A and
A< A

Proof. This follows immediately from the definition of I" — A and the subusage
relation U — U’.

Once we have prepared the above lemmas, we can prove the type preservation
in a standard manner.



Proof of Theorem 1 The proof proceeds by induction on derivation of P — @,
with case analysis on the last rule used. We show only the case for R-Cowm,
which is the only non-trivial case. Suppose I' -~ x!tv. Py |27%2y. P,. Then, by
the typing rules, we must have:

NP

IhkFv:T

Fg,yl’r }_< P2

I' < (z:chan(r, !?1);<(I’1 | I%)) ] («: chan(r, ??1);<F3)

By the assumption on bound variables, we can assume without loss of gen-
erality that y does not appear in <. Therefore, by applying the substitution
lemma (Lemma 3), we obtain I | I'3 b [y +— v]P,. So, we obtain Iy | I3 | I3 F<
Py | [z — v]P,. Since

I < (z:chan(r, 1 ); (I | I2)) | (x:chan(r, 7} ); I3) —< I | Iy | I

holds, by using Lemma 5, we obtain A such that I' — A and A < I | ]| 3.
Thus, by using T-WEAK, we get A~ Py | [x — v]P» as required. O

C.2 Proof of Theorem 2

We need some preliminary definitions and lemmas.
We first introduce the notion of normal forms.

Definition C1 A process N is in normal form if all the if-expressions and let-
expressions are guarded by input or output prefizes, i.e., if it is generated by the
following syntaz.

N :=0| 2. P|a?y. P | (Ny|Ng) | «N | (vz) N
Here, P ranges over the set of (arbitrary) processes.

Definition C2 The extended structural relation =<' is the least relation closed
under the rules for < (with < being replaced by =’), plus the following rule.
P='Q
*P < xQ
The following lemma means that the replacement of < with <’ does not change
(one-step) reducibility of a process.

Lemma 6. If P =<' P — @', then there exists Q such that P — Q.

The following lemma means that a closed, well-typed process can be always
converted to a process in normal form.

Lemma 7. If ) ~- P, then there exists a normal form process N such that
P='N, and 0 =< N holds.



In the proof of Theorem 2, we need to identify certain bound variables.
Since a-conversion can be implicitly performed in type derivation, however, we
need to introduce a unique identifier of a bound variable. Index(x, P) defined
below serves as such a unique identifier. In the definition below, a-conversion is
forbidden.

Definition C3 The index of x in P, Index(x, P) is defined by:

Index(x, (vx) P) = ¢
Index(x, (vy) P) = 0.Index(x, P)
1.Index(zx, Py) if (vz) appears in Py
Index(z, Py | Py) = { 2.Index(x, Py) if (vx) appears in P
undefined otherwise
Index(x,*P) = Index(x, P)

If (vx) does not appear in P or is guarded by input or output prefizes, Index(x, P)
s undefined.

We are now ready to prove the main theorem.

Proof of Theorem 2 Suppose that (§ - P and either P <’ Q = (v) (z!™v. Q1 |
Q2) or P <" Q = (vx) (x?y. Q1 | Q2) with n € Nat. Since P is closed, we can
assume without loss of generality that <= (. We can also assume without loss
of generality that () is in normal form. For a sub-process N in normal form, we
define the set Waitingg (N) inductively as follows.

Waitingg(0) = 0

Waitingg (z!™v. R) = {(n, Index(x, Q), x!™v. R)}
Waitingg (z?™y. R) = {(n, Index(z,Q), z?™y. R)}
Waitingg (N1 | N2) = Waitinggp(N1) U Waitingg (Nz)
Waitingg (*N) = Waitingg (N)

Waitingg ((vx) N) = Waitingg (N)

Let (m,m, N) be a minimum element of Waiting,(Q) with respect to the follow-
ing order <:

(m,m,N) < (m/,n',N') <= m <m’ or (m=m' and 7’ is a prefix of )

Note that m is finite (i.e., m € Nat), since @ is (vZ) (z!"v. Q1 | Q2) or (v@) (x?™y. Q1 |
Q2) with n € Nat.

Assume that N is of the form z!™v.R. (The case where N is x?™y. P is
similar.) By the assumptions, @) contains a process of the form (vx) (@i, and
Q1 contains N as a sub-expression. Since ) ¢ Q, we have I',x: chan(r,U)
@1, where rel(U). Moreover, 1 <" x5 holds only if Index(xs, Q) is a prefix of
Index(x1, Q). Since N is unguarded by any input or output prefix in @1, it must
be the case that cap,(U) < m. Therefore, since rel(U), it must be the case that
0b2(U) < cap,(U) < m. That implies ()1 must contain an input or output process
that is typed under a context of the form I’ x : chan(r, Uy ), where 0b7(U;) < m.



Moreover, since (m, 7, N) is the minimum element of Waitingg (Q), such an input
or output process must be of the form z?'y. R. (Notice that if the outermost input
or output prefix were on another channel w, the capability annotation of the
guard must have been either smaller than m, or equal to m and Index(z, Q) must
be a prefix of Index(w, Q). That contradicts with the assumption that (m,m, N)
is the minimum element.) Thus, @; — @}, which implies P <’ Q@ — @Q’. By
Lemma 6, we have P — P’ for some P’ as required. O

C.3 Proof of Lemma 1

Lemma 8. If '~/ P and <'C<, then I' -~ P.

Proof. Straightforward induction on derivation of I' -~ P.

Proof of Lemma 1 The proof proceeds by induction on derivation of 7 + M : 6,
with case analysis on the last rule used.

— Case TL-VAR: In this case, M = z and 7 = 7,z : 6. Using rule T-OUT and
T-ZERO, we get
z:17°[0],r: chan([0],!%) ¢ rlz

By using T-WEAK, we obtain
[7],r:chan([0],!L) k¢ !z

as required.
— Case TL-Fix: In this case, M = fix(f,z, M7) and 0 = 0; — 05, with

T,f:00 —60s,2:0, - M : 0.

By the induction hypothesis, we have

[7], f: chan([6; ] xchan([6,],1%),«15°), 2 [61], 7' : chan([6:],1%) Fo [ML] .
Using T-IN, T-LET and T-REP, we obtain:

#1°° [ T], f:chan([6; | xchan([62],!%,),*?% #15°) Fg f 22,7, [ My T .
Since [7] < *1°° [ 7], we obtain
[T], f: chan([6; ] xchan([6], 1L ), +?% +15°) by sf 22,7 [ Mi]
by using T-WEAK. Using T-OuT, T-ZERO, we also obtain
f:1° 161 — 03],r:chan([6; — 65],!% ) g 7! f.

So, we get

[71, f:chan([6; ]| xchan([62],!L.), !5 | *?20/.*!80),7" :chan([6; — 62],!L)
Fo rlf |« f2z,r'. [ My



Since rel(x!15° | %?2,.%15°) holds, we can apply T-NEW to obtain
[7],r:chan([6; — 02],!%) o [fix(f, =, M1)]

as required.

Case T-APP: In this case, M = MM, with: T+ M; : 0y — 6 and T + Ms :

0,. By the induction hypothesis, we have:

[7],71:chan([6; — 6],!%) Fo [M.]"
[[T]] ,To Chan([[@l , léo) |_0 [[M2]]r2

Let <= {(r1,z) |z € {r}UFV(M)}U{(rs,x) | z € {r,r1 }UFV(M)}. Then,
by using T-OuT, T-ZERO, and T-WEAK, we get

f:[61—0],2: [6:1],7:chan([0],' ) F< f!(x, 7).
By using T-IN, we get
ro:chan([61],75%);~(f: [ 61 — 0],7: chan([6],!L.)) F< r2?* [z]. f1(z, 7).
That is,
ro:chan([6,],75°), f: [ 01 — 0],7: 1 chan([0],!L.)) F< ro?* [z]. f!(z, 7).

(Note that this is the very place where the relation ro < r is important. By
using T-WEAK, we obtain

ro:chan([[01],75°), f: [ 61 — 0],r:chan([0],!})) F< ra?* [z]. f(z, 7).
By applying T-IN and T-WEAK again, we further obtain:
ry:chan([0:],75°), 71 : chan([0; — 6],75°),r:chan([0],!2)) F< 2% [f]. ro 2" 2] f1(x, 7).
So, we obtain

[7],r1:chan([6; — 6],75°|!L), 72 : chan([61],75° |!L,),r: chan([0],!L.))

o0

Fo ML T T TM T a2 (] P o] S ().
Since rel(?5° |!1,) holds, by applying T-NEW twice, we obtain:
[7],r:chan([0],!%)) F< [M]

as required.



