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It is an important criterion of program correctness that a program accesses resources in a valid
manner. For example, a memory region that has been allocated should eventually be deallocated,
and after the deallocation, the region should no longer be accessed. A file that has been opened
should be eventually closed. So far, most of the methods to analyze this kind of property have
been proposed in rather specific contexts (like studies of memory management and verification
of usage of lock primitives), and it was not clear what the essence of those methods was or how
methods proposed for individual problems are related. To remedy this situation, we formalize a
general problem of analyzing resource usage as a resource usage analysis problem, and propose a
type-based method as a solution to the problem.
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1. INTRODUCTION

It is an important criterion of program correctness that a program accesses resources
in a valid manner. For example, a memory cell that has been allocated should
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eventually be deallocated!, and after the deallocation, the cell should not be read

or updated. A file that has been opened should be eventually closed. A lock should
be acquired before a shared resource is accessed. After the lock has been acquired,
it should be eventually released.

A number of program analyses have been proposed to ensure such a property.
Type systems for region-based memory management [Aiken et al. 1995; Birkedal
et al. 1996; Tofte and Talpin 1994; Walker et al. 2000] ensure that deallocated
regions are no longer read or written. Linear type systems [Kobayashi 1999; Turner
et al. 1995; Wadler 1990; Wansbrough and Peyton Jones 1999] ensure that a linear
(use-once) value that has been already accessed is never accessed again. Abadi
and Flanagan’s type systems for race detection [Flanagan and Abadi 1999a; 1999b)

ensure that appropriate locks will be acquired before a reference cell or a concurrent

object is accessed. Freund and Mitchell’s type system [Freund and Mitchell 1999]
for the Java Virtual Machine (JVM) ensures that every object is initialized before
it is accessed. Bigliardi and Laneve’s type system [Bigliardi and Laneve 2000] for

the JVM ensures that an object that has been locked will be eventually unlocked.

DeLine and Féahndrich’s type system [DeLine and Fahndrich 2001] keeps track of

the state of each resource in order to control access to the resource.

The problems attacked in the above-mentioned pieces of work are similar: There
are different types of primitives to access resources (initialization, read, write, deal-

location, etc.) and we want to ensure that those primitives are applied in a valid

order. In spite of such similarity, however, most of the solutions (except for DeLine
and Fahndrich’s work [DeLine and Fahndrich 2001]) have been proposed for specific

problems. As a result, solutions are often rather ad hoc, and it is not clear how they
can be applied to other similar problems and how solutions for different problems
are related. This is in contrast with standard program analysis problems like flow
analysis: For the flow analysis problem, there is a standard definition and there are

several standard methods, whose properties (computational cost, precision, etc.)

are well studied.

Based on the observation above, our aims are:

(1) To formalize a general problem of analyzing how each resource is accessed as a
resource usage analysis problem (usage analysis problem, in short?), to make it
easy to relate existing methods and to stimulate further studies of the problem.

(2) To propose a type-based method for usage analysis. Unlike DeLine and Fahndrich’s
type system [DeLine and Fahndrich 2001], our type-based analysis does not
need programmers’ type annotation to guide the analysis. Our analysis au-
tomatically gathers information about how resources are accessed, and checks
whether it matches the programmer’s intention.

We give an overview of each point below.

1Or, a program can just call exit() before memory is exhausted.

2The term “usage analysis” is also used to refer to linearity analysis [Gustavsson and Svenningsson
2000]. Our resource usage analysis problem can be considered generalization of the problem of
linearity analysis.
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1.1 Resource Usage Analysis Problem

We formalize a resource usage analysis problem in a manner similar to a formaliza-
tion of the flow analysis problem [Nielson et al. 1999]. Suppose that each expression
of a program is annotated with a label, and let £ be the set of labels. The standard
flow analysis problem for A-calculus is to obtain a function flow € £ — 2% (2%
denotes the powerset of £) where flow(l) = {l1,...,l,,} means that an expression
labeled with [ evaluates to a value generated by an expression labeled with one of
li,...,ln. (Or, equivalently, the problem is to obtain a function flow™ e £ — 2~
where flow™*(l) = {l1,...,l,} means that only expressions labeled with 1,...,1,
can evaluate to the value generated by an expression labeled with [.) From a flow
function, we know what access may occur to each resource. For example, consider
the following fragment of an ML-like program:

let 2 = (fopen(s))' in ... fread(M'R)...fclose(N'c). ..

Here, we assume that fopen opens a file of name s and returns a file pointer to
access the file, and that fread (fclose, resp.) takes a file pointer as an input and
reads (closes, resp.) the file. If flow™*(l,) = {lr}, then we know that the file
opened at I, may be read, but is not closed (since expression N'¢ cannot evaluate
to the file by the definition of flow™?).

A flow function does not provide information about the order of resource ac-
cesses. Suppose that flow='(l,) is {lc,Ir} in the above program. From the flow
information, we cannot tell whether the file created at [, is closed after it has been
read, or the file is read after it has been closed.

Let us write £* for the set of finite sequences of labels. We formalize resource
usage analysis as a problem of (1) computing a function use € L — 2" where
ly---1, € use(l) means that a value generated by an expression labeled with [ may
be accessed by primitives labeled with Iy, ..., [, in this order, and then (2) checking
whether use(l) contains only valid access sequences. Let us reconsider the above
example:

let = fopen'(s) in ... fread'® (M) ... fclose'“(N)...

(Here, labels are moved to primitives for creating or accessing resources, rather
than expressions fopen(s), M, or N to be evaluated to file pointers.) If use(l,) =
{lrlc,lrlglc}, we know that the file opened at [, may be closed after it is read
once or twice, and the file is never read after being closed. On the other hand, if
use(l,) = {lrlc, lclr}, the file may be read after it has been closed.

Many problems can be considered instances of the usage analysis problem. In
region-based memory management [Tofte and Talpin 1994; Birkedal et al. 1996;
Aiken et al. 1995; Walker et al. 2000], we can regard regions as resources. Suppose
that every primitive for reading a value from a region (writing a value into a region,
deallocating a region, resp.) is annotated with [g (lw,lr, resp.). Then, a region-
annotated program is correct if use(l) C (Ig +Ilw)*lF, where the regular expression
(Ir + lw)*lF denotes the set of sequences consisting of zero or more occurrences
of g or lyy followed by one lp. In linear type systems [Wadler 1990; Turner et al.
1995; Kobayashi 1999; Wansbrough and Peyton Jones 1999], we can regard values
as resources. A linear type system is correct if for every label [ of a primitive for
creating linear (use-once) values, use(l) contains only sequences of length 1. The
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object initialization is correct [Freund and Mitchell 1999] if for every label [ of an
(occurrence of) object creation primitive, every sequence in use(l) begins with the
label of a primitive for object initialization. The problem of checking usage of lock
primitives [Bigliardi and Laneve 2000] is reduced to that of checking whether in
every sequence in use(l), each occurrence of a label of the lock primitive is followed
by an occurrence of a label of the unlock primitive. The control flow analysis
problem can also be considered an instance of the usage analysis problem. We can
regard functions as resources, function abstraction as the primitive for creating a
function, and function application as the primitive for accessing a function. Then,
a function created at [ may be called at I’ if use(l) contains I’

1.2 Type-Based Usage Analysis

We present a type-based resource usage analysis for a call-by-value, simply typed
M-calculus extended with primitives for creating and accessing resources.

The main idea is to augment types with information about a resource access
order. For example, the type of a file is written as (File,U), where U, called a
usage, expresses how the file is accessed. Its syntax is given by:

UZZZZ‘Ul;UQ‘Ul&U2|

(We shall introduce other usage constructors later.) Usage [ means that the resource
is accessed by a primitive labeled with [. U; ;Us means that the resource is accessed
according to U; and then accessed according to Us. Uy & Uy means that the resource
is accessed according to either U; or Us. For example, a file that is accessed
by a primitive labeled with [y and then by a primitive labeled with I3 has type
(File, 1y ; I3).

A type judgment of our type system is of the usual form I' = M : 7 except that
types are extended. Here, while the type 7 of M expresses how the resource M
should be accessed by the context in which M appears, the type environment I'
expresses how the resources pointed to by free variables should be accessed dur-
ing the evaluation of M (strictly speaking, it is not always the case that those
accesses happen during the evaluation of M, as we will see below). For example,
x: (File,lgr; ly ) specifies that the resource 2 should be read once and then written
once. So, z: (File,lp;lw) - fread'? (z); fwrite'V (z) : bool is a valid judgment,
but z : (R, Ig;lw) F fwrite'" (z); fread'? (z) : bool is not.

Then, we extend typing rules for the simply typed A-calculus so that the evalua-
tion order is taken into account. For example, the ordinary rule for let-expressions
is:

I'-M:7 I'e:7THFN:o
I'tletx=Min N :o

It is replaced by the following rule:

'EM:r Ax:TEN:o
I'NAkletx=Min N:o

Type environment I'; A (connected by *;’) indicates that the resources referred to by
free variables are first accessed according to I" and then according to A, reflecting
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the evaluation rule that M is evaluated and then N is evaluated. For example, if we
have y: (File,l;) F M :bool (which implies that y is a file accessed at I; in M) and
y:(File,ls), z:bool - N:bool, then we get y: (File,l1;12) F let x = M in N:bool.
The resulting type environment indicates that y is a file accessed at {1 and then at
lo.

Actually, the type system is a little more complicated than it might seem. Con-
sider an expression M 2 let z = y in (fread' (y); fwrite'" (z,¢)) where ¢ is a
character. If we naively apply the above rule, we get:

y: (File,lw) by : (File,ly)
y: (File,lg), z : (File, ly) + fread'% (y); fwrite'" (z, ¢) : bool
(y: (File,lw)); (y : (File,lg))(= vy : (File,lw;lr)) - M : bool

The conclusion implies that y is first written at Iy, and then read at [g, which
is wrong. This wrong reasoning comes from the fact that the access represented
by the type environment y : (File,ly) occurs not when y is evaluated but when
the body of the let-expression fread'? (y); fwrite'" (z) is evaluated. To solve this
problem, we introduce a usage constructor GU. Both U and OU mean that the
resource must be used according to U, but they differ in the specification about the
timing of resource access: If an expression M is to be typed under the assumption
that x’s usage is U, x must be accessed according to U mow, when the expression
M is evaluated. On the other hand, if x’s usage is OU, x can be accessed at any
time, either when M is evaluated, or when the value of M is used later. Using the
constructor <, we replace the above inference with:

y: (File, Oly) F y : (File, lyy)
y: (File,lg), z : (File, ly) + fread'” (y); fwrite'" (z, ¢) : bool
y: (File, Oly;lgr) H M : bool

The premise y : (File, Ol ) F y : (File, lyy) reflects the fact that the resource y is
accessed only when the value of y is used later (when fwrite'" (z) is evaluated). The
usage Olyy; I in the conclusion means that an access at Iy may occur immediately
before an access at [z occurs, or later after an access at [z occurs. So, the conclusion
implies that y may be accessed at Iy and [ in any order. (In order to obtain a more
accurate usage Ig;ly, we need to keep dependencies between different variables:
See Section 7.)

In order to get accurate information about the access order, we also need to have
a rule to remove ¢. Suppose that z: (File, l) B M : 7 is derived and that we know
that the value (evaluation result) of M cannot contain a reference to x. Then,
we know that z is accessed at [ when M is evaluated, not later. To allow such
reasoning, we introduce the following rule:

x:tH-M:o x does not escape from M
lx:et+-M:0o

Here, @ is a constructor to cancel the ¢-constructor.
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Based on the above idea, we formalize a type system for usage analysis and
prove its correctness. We also develop a type inference algorithm to infer resource
usage information automatically so that programmers only have to declare what
access sequences are valid: the type inference algorithm automatically computes
the function use, and checks whether use(l) contains only valid access sequences
for each resource creation point I.

1.3 The Rest of This Paper

Section 2 introduces a target language and Section 3 defines the problem of resource
usage analysis. After Section 4 presents a type system for resource usage analysis
and Section 5 proves its correctness, Section 6 gives a type inference algorithm.
Section 7 discusses extensions of the type-based method. Section 8 discusses related
work and Section 9 concludes.

2. TARGET LANGUAGE

This section introduces A, a call-by-value A-calculus extended with primitives to
create and access resources.

We assume that there is a countably infinite set £ of labels, ranged over by the
meta-variable [. We write £* for the set of finite sequences of labels, and write
L5 for the set £* U {s] | s € L*}. The special symbol ‘|’ is used to denote the
termination of program execution. We call an element of £*! a trace. We write ¢
for the empty sequence, and s1ss for the concatenation of two traces s; and so. A
trace set, denoted by the meta-variable ®, is a subset of £*! that is prefix-closed,
ie., ss' € ® implies s € ®. S denotes the set of all prefixes of elements of S, i.e.,
{seLx!|ss €S}

Definition 2.1 (TERMS) . The syntax of A® terms is given by:

M := true | false | T | fun(f,z, M) | if M, then M, else M;3
| My M | new®() | acc!(M) |let = = M; in M,

Here, we have extended the standard A-calculus with two constructs: new?®() for
creating a new resource and acc!(M) for accessing resource M. For simplicity, we
consider a single kind of resource (hence the single primitive for resource creation).
Also, we assume that access primitives always return true or false. This is not
so restrictive from the viewpoint of usage analysis: For example, the behavior of
a primitive that accesses a resource and then returns the updated resource can be
simulated by Ar.(let x = acc!(r) in r). fun(f,z, M) denotes a recursive function
f that satisfies f = Az.M. A let-expression let x = M; in Ms is computationally
equivalent to (fun(f,z, Ms)) My (where f is not free in Ms), but we include it
to make our type-based analysis in Section 4 more precise (also see Section 7). A
formal operational semantics of the language is defined in the next section.

The trace set ® attached to an occurrence of resource creation primitive repre-
sents the programmer’s intention on how the resource should be accessed during
evaluation. A trace of the form s | is a possible sequence of accesses performed
to a resource by the time when evaluation terminates, while a trace of the form
s(€ L*) is a possible sequence of accesses performed by some time during evalua-

tion. For example, newt Lhl2 Ly () creates a resource that should be accessed at
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l1 at most once and then accessed once at Iy before the evaluation of the whole
term terminates. It is important to distinguish between traces ending with | and
those without |. For example, for a file, the trace set may contain [g;ly but not
Ir;lw |, since the file should be closed before the program terminates.

We do not fix a particular way to specify trace sets ®. They could be specified
in various ways, for example, using regular expressions, shuffle expressions [Gis-
cher 1981; Jedrzejowicz and Szepietowski 2001] context-free grammars, modal log-
ics [Emerson 1990], or usage expressions we introduce in Section 4.

Bound and free variables are defined in a standard manner. We write FV (M)
for the set of free variables in M. We often write M’; M for let z = M’ in M when
x ¢ FV(M), and write Ax.M for fun(f,xz, M) when f ¢ FV(M).

Ezample 2.2. Let init,read, write, and free be primitives to initialize, read,
update, and deallocate a resource respectively. (In examples, we often use more
readable names for primitives, rather than acc.) The following program creates a
new resource r, initializes it, and then calls function f. Inside function f, resource
r is read and updated several times and then deallocated.

let f = fun(f,z,if reale(n;) then free'* (z) else (writelw(a:); fx))in
let r = new?® () in (initl’(r); fr)

Here, ®, = (I;(Ig + lw)*lp |)* (where I;(Ig + lw)*Lp | is a regular expression). ®,
specifies that r should be initialized first and deallocated at the end. Alternatively,
®,. can be a more precise specification (I;(Irlw)*lrlF l)ﬁ. This kind of access
pattern (initialized, accessed, and then deallocated) often occurs to various types
of resources (e.g., memory, files, Java objects [Freund and Mitchell 1999]).

3. RESOURCE USAGE ANALYSIS PROBLEM

The purpose of resource usage analysis is to infer how each resource is used in a given
program, and check whether the inferred resource usage matches the programmer’s
intention (specified by using trace sets). We give below a formal definition of the
resource usage analysis problem, by using an operational semantics that takes the
usage of resources into account.

3.1 Operational Semantics

We first introduce the notion of heaps to keep track of how each resource is used
during evaluation: Formally, a heap is a mapping from variables to trace sets.

Definition 3.1.1 (HEAP) . A heap H is a function from a finite set of variables
to trace sets.

We write {z1 — @4,...,2, — ®,} (n may be 0) for the heap H such that
dom(H) = {z1,...,z,} and H(x;) = ®;. When dom(H)Ndom(Hz) = (), we write
H,WH, for the heap H such that dom(H) = dom(H;)Udom(Hz) and H(z) = H;(x)
if x € dom(H;).

Following [Kobayashi 1999; Morrisett et al. 1995; Turner et al. 1995], program
execution is represented by reduction of pairs of a heap and a term. When a resource
is used at a program point [, the attached traces are “consumed” — the label [ at
the head of a trace is removed (if the trace begins with [; the traces not beginning
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z fresh
(1 Elnew™()) ~ (H 9 (= &, 2[2) (e
b = true or false Ol £(

(H© {z — &}, EJace (2)]) ~ (H & {z — o1}, £[8]) (R-Acc)

20 R-ACCE
(H @ {z — @}, E[acc!(z)]) ~ Error (R-AcCERR)
(H,Efun(f,z, M) v]) ~ (H, E[[fun(f,z, M)/ f,v/x]M]) (R-APpP)
(H, E[if true then M; else Ms]) ~ (H,E[M1]) (R-IFT)
(H, E[if false then M else Ms]) ~ (H,E[M2]) (R-IFF)

Fig. 1. Reduction Rules

with [ are discarded). We define ® !, which represents the trace set after the use at
I, by {s|ls € ®}. The formal reduction relation is defined below, using evaluation
contexts.

Definition 3.1.2 (VALUES, SUBSTITUTION) . A walue v is either a variable,
fun(f,z, M), true, or false. We write [v1/21,...,v,/2,] for the standard (si-
multaneous) capture-avoiding substitution of v; for z;.

Definition 3.1.3 (EVALUATION CONTEXTS) . The syntax of evaluation contexts
is given by:

£ =[] ]if &€ then M, else My | E M |v £ |acc!(€) |let =& in M
We write E[M] for the expression obtained by replacing [] with M in €.

Definition 3.1.4. A reduction relation (H, M) ~» P, where P is either Error or
a pair (H', M), is defined as the least relation closed under the rules in Figure 1.
We write ~* for the reflexive transitive closure of ~».

Most of the rules are straightforward. In rule R-Acc, the attached trace set
must include a trace beginning with I (represented by ®~! # )). On the other
hand, if no such traces are included, a usage error is signaled (R-ACCERR). Since
we do not care about the result of resource access here, it is left unspecified which
boolean value is returned in R-Acc, hence reduction is nondeterministic. When an
ordinary type error like application of a non-functional value occurs, the reduction
will get stuck.

Ezample 3.1.5. Let M be the following program, obtained by removing init!’ ()
from the program in Example 2.2 (let @, be (I;(Ir + ZW)*lp)ﬁ):

let f = fun(f, z,if read'®(z) then free'r (z) else (write'" (z); f z)) in
let 7 = new?® () in f r
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The evaluation of M fails because r is read before it is initialized.

({}, M)
~* ({2 (Ir(lg + lw)*lp 1)*}, fun(f, z,if read'(z) then --- else---) z)
~  ({z— (I7(lg + lw)*lg |)*}, if read'®(z) then --- else---)
~ Error

3.2 Resource Usage Analysis

Now, we define the problem of resource usage analysis. Intuitively, M is resource-
safe if evaluation of M does not cause any usage errors and if all the resources are
used up when the evaluation terminates.

Definition 3.2.1. M is resource-safe iff (1) ({}, M) 4* Error and (2) if ({}, M) ~*
(H,v), then for any « € dom(H), | € H(x). The resource usage analysis problem
is, given a program M, to check whether M is resource-safe.

Since the problem is undecidable, the resource usage analysis technique developed
here is only sound (not complete): If the answer is yes, the program should indeed
be resource-safe, but even if the answer is no, the program may be resource-safe.

Ezample 3.2.2. The program M in Example 2.2 is resource-safe.

Example 3.2.3. Let M be the following program, obtained from the program
in Example 2.2 by replacing free'” () in the definition of f with true (let ®, be

(Ir(lg + lw ) 1p)?):

let f = fun(f, z,if read'®(z) then true else (write'" (z); f z)) in
let 7 = new® () in (init" (r); f r)

It is evaluated as follows:

({}, M)
~* {z—=A{lr+1Iw)*lF l}u}, if true then true
else (write'" (z); fun(f,z, ) 2))
({2 {(n + lw)*lr 11}, true)

In the final state of the execution, the trace set associated to zs indicates that the
resource still needs to be accessed at [ before the execution terminates. Since the
term cannot be reduced further, the program M is not resource-safe (the second
condition of Definition 3.2.1 is violated).

According to the second condition of Definition 3.2.1, a resource-safe program
must use up all resources before it terminates; For example, the program must
close all files of usage (Ig +1lw)*lc. If a programmer wants to rely on the operating
system to close a file, the usage of the file should be specified as (Ig + lw)*(lc + ¢€)
instead of (Ig + lw)*lc.

Remark 3.2.4. Alternatively, we can formalize usage analysis as a problem of
giving not only a “yes”/“no” answer but also a trace set (consisting of possible
access sequences) for each resource, as explained in Section 1. Our type-based
analysis presented in the following sections can solve this problem, too.
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4. A TYPE SYSTEM FOR RESOURCE USAGE ANALYSIS

In this section, we present a type system that guarantees that every well-typed
(closed) program is resource-safe. As hinted in Section 1, a main idea is to augment
the type of a resource with a usage expression (a usage, in short), which expresses
how the resource may be accessed. We first define the syntax and semantics of
usages in Subsection 4.1. We then define types, type environments, and typing
rules in Subsections 4.2-4.4. Note that programmers need not explicitly declare
any usage in their programs: the type inference algorithm described in Section 5
can automatically recover usage information from (untyped) terms.

4.1 Usages

Syntazx of Usages. As explained in Section 1, usage expressions defined below are
used to describe how each resource can be accessed.

Definition 4.1.1 (USAGES) . The set U of usages, ranged over by U, is defined
by:

Uu=0]a|l|U1&U |Ui ;U2 |Uy @ Us | paU | OU | #U | Uy © Us

We assume that the unary usage constructors & and € bind tighter than the
binary constructors (&,;, ® and ®), so that $ly Iy means (Oly) 5 lo.

0 is the usage of a resource that cannot be accessed at all. « denotes a usage
variable (which is bound by ua.). Usages I, Uy ;Us, and Uy & U, have been explained
in Section 1. U; ® U, is the usage of a resource that can be accessed according to
Uy and Us in an interleaved manner. So, (I1 ;l2) ® I3 is equivalent to (I3;11;12) &
(l1;13;12)&(11; 123 13). pe.U denotes a recursive usage such that & = U. For example,
pne.(0 & (I; ) means that the resource is accessed at | an arbitrary number of
times. We write !U as a shorthand notation for pa.(0 & (U ® «)). As mentioned
in Section 1, OU means that the resource may be accessed now or later according
to U. So, a resource of usage <ly; 1l may be accessed either at [; and then at [,
or at [o and then at [;. €U means that the access represented by U must occur
now. So, for example, ®(Oly;le;Olg) is equivalent to Iy ® (Ig;13). Usage Uy © Us
means that the access represented by Us occurs for each single access represented
by U;. For example, (I ® lo) ® U is equivalent to U ® U. The precise meaning of
each usage is defined later in this subsection.

Probably, we do not need some of the usage constructors (like ®) to express the
final result of resource usage inference, but we need them to define the type system
and the type inference algorithm.

Remark 4.1.2. Our usage constructors ® and & correspond to multiplicative
conjunction and additive conjunction (also denoted by ® and &) of linear logic [Gi-
rard 1987], respectively. In linear logic, A ® B intuitively means that we have A
and B at the same time, while A & B means that we can choose either of A and B,
but cannot have both at the same time. This intuition matches the intuition of the
usages Uy ® Uy and Uy & Us: Uy ® Uy means that we have both the capability to
access a resource according to U; and the capability to access a resource according
to Us, while U; & U means that we can choose one from the capability to access
a resource according to U; and the capability to access a resource according to Us,
but cannot exercise both capabilities.
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Ezample 4.1.3. The usage of a read-only file can be expressed by ua.(0 & (Ig; ));lo
(or (Nlg);lc), while that of a writable file can be expressed by ua.(0 & ((Ig & lw); @)); le
(or l(ir &lw);lc). The usage of a stack is expressed by !(Ipush; lpop), and lpysn, and
lpop are the labels for the push and pop primitives respectively.

The usage expressions are strictly more expressive than the context-free grammar
due to the presence of ® and recursion. One may wonder why we do not use a
simpler language (like a regular language) for describing usages. There are two
reasons for this:

(1) Usage of some resources cannot be specified using a regular expression. For
example, consider a stack-like resource, on which the ‘pop’ operation should be
performed the same number of times as the ‘push’ operation.

(2) Even if the usage of a resource can be specified using a regular expression (as we
have shown in the example of files), the usage of the resource in a certain part
of the program may not be expressed using a regular expression. For example,
consider the following recursive function (where b is some boolean expression
that does not contain any access to x):

fun(f, z,if b then true else (g(z); f(z); h(x))

Function ¢ is first applied to the argument x of the function, and then h is
applied the same number of times. In order to perform type reconstruction,
we need to be able to assign a most general type for each expression. Using
regular expressions, however, we cannot assign the most general type to the
above function. The type judgment

g:(R,ay) — bool,h: (R,ay) — bool - fun(f,z,---) : (R,a;a;) — bool
is correct but there are type judgments that express more precise information:

g:(R,ay) — bool,h: (R,ap) — bool
Ffun(f,z,---) : (R, e+ agan + agaf apas’) — bool
g: (R,ay) — bool,h: (R, ) — bool
Ffun(f,z,---) : (R, e+ agap + agagapan + aga;a%a;{) — bool

The above example suggests that we need at least a context-free language to
express the most general typing. In fact, in our type system, the function is
typed as:

g:(R,ay) — bool,h: (R,a;) — bool
Ffun(f,z,---): (R, pa.(0 & (og; ;) — bool,

where the usage pa.(0& (ag;a;ap)) denotes sequences of the form agaj.
Moreover, as we have already explained in Section 1, we need the ¢-constructor
for expressing information about not only the order between accesses but also
the timing of accesses.

A usage constructor @ is necessary for expressing usage of a resource accessed
through the invocation of a function closure. For example, consider a function
)\y.reale(x). The resource x is read once each time the function is called. There-
fore, if the function is called n times, the resource x is read n times. More generally,

ACM Transactions on Programming Languages and Systems, Vol. TBD, No. TDB, Month Year.



12 . A. lgarashi and N. Kobayashi.

if x is accessed according to U in an expression e, and the function Ay.e is called n
times, the usage of = is expressed by:

U@---@U
~——

n

Since we may not be able to statically determine exactly how often each function is
called, we express information about how often a function may be called by using
usage expressions (but with only a special label 1, as we are only interested in
how often a function is called, not in the call sites®). For example, the usage of a
function that may be called at most twice is expressed by the usage 0& 1& (1®1).
The usage of a resource in a function closure can be computed from the usage of the
function closure (expressing how often the function may be called) and the usage
of a resource in the function body: If x is accessed according to U in an expression
e, and the function Ay.e is called according to U’, the usage of x is expressed by
U’ ® U. Intuitively, the usage:

expresses

and the usage:
U1 &---&U,) 00U
expresses
U0U0)& - & (U, oU0).

We should note that ordering information in the usage of a function is not as useful
as might be expected, to estimate the usage of the resource referred to by a free
variable in this function. Suppose, for instance, z is accessed according to U in an
expression e. Even if the usage of the function Ay.e is given 1;1 (the order between
the two calls is known), the usage of x is not necessarily U ; U. As it is usually the
case for recursive functions, the same (non-recursive) function may be called twice
before the execution of the first call is finished. Thus, we estimate the usage of x
to be U ® U and define the semantics of usages so that (1;1) ® U is equivalent to
UxU.

Semantics of Usages. We define the meaning of usages using a labeled transition
semantics. A usage denotes a set of traces, obtained from possible transition se-
quences. We also define a subusage relation, which induces a subtyping relation,
using the labeled transition system and the usual notion of simulation. In what
follows, we assume the meta-variable [ ranges over £ U {1}.

We shall define a transition relation U —— U’ , which means that a resource of
usage U can be first accessed at [ and then accessed according to U’. The transition
relation is basically defined in a manner similar to those for process calculi [Milner

3As we will see in Section 4.2, usages including only 1 as a label are attached to function types.
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Ui =U,  Us = U}

Ui &Uz XU Uy, & Uz X U- U= U/a)U
1 2 2 U1 1 2 2 Uz paU 2 [pa.U/a] Ul;Ung{;Ué

Ui =U, U= U} U=<U U=<u Ui =U, Uy = U}
Ui ®Us < Uj @ U} oU = oU oU < oU’ Ui 0Us < U| G Uj

Fig. 2. Relation U X U’

1989; Sangiorgi and Walker 2001]. A little complication, however, arises for defining
the semantics of usage Uy; Us. A resource of usage Uy; Us can be used according to
U, only if Uy no longer contains accesses that must be performed immediately. So,
the usage lg; lw should have only the transition sequence:

Irilw 5 Ly 2% 0
since [r means that the resource must be read immediately, while the usage Olg; by
should have two transition sequences:

Ol 5 Iy %

Ol by 1 ol 2 0,

since Gl means that the read access may be delayed. In general, the part Us in
usage Uy; Uy can be reduced only when all the accesses specified in U; are guarded
by <. We express this condition by a unary predicate Uy ¥, defined below.

Before defining the transition relation, we first define auxiliary relations, includ-
ing U1¥ mentioned above.

Definition 4.1.4. A relation = is the least reflexive and transitive relation on
usages that satisfies the rules in Figure 2.

Uy < U holds when U, is obtained from U; by unfolding some recursive usages
(pa.U) and removing some branches from choices (U & U’). For example, I1; (l2 &
I3) 2 lislp and pe(0& (U @) 20& (U pa(0& (U5 ) 2 U5 pa.(0& (U ; a)).

Definition 4.1.5. Unary relations void(-), -} and - are the least relations on
usages that satisfy the rules in Figure 3.

Intuitively, void(U) means that the resource cannot be used at all. In other
words, void(U) holds if U expresses essentially the same usage as 0. For exam-
ple, v0id(0 & ©0) holds. U! means that some branch of the usage is equivalent to
0, and thus the resource need not be accessed before evaluation of the whole term
terminates. For example, (0 & [z)* holds, although v0id(0 & I) does not hold.

Now we define the transition relation U , U'.

Definition 4.1.6. A transition relation U LU on usages is the least relation
closed under the rules in Figure 4.

The rules (UR-PARR) and (UR-SEQR) highlight the difference between Uy @ Us
and Uy ;Us: (UR-PARR) allows a resource of usage U; ® Us to be accessed according
to Uy without any condition, while (UR-SEQR) requires U?, which specifies that
U; does not contain any obligation to access the resource immediately, in order for
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void(U):
. void(U) void(U) void(U) void(U)
void(0) - - - 7 T
votd(OU) void(eU) void(U ©® U") void(U' ® U)
op=Qor ; or & void(Ut) v0id(Uz) void([ua.U/a]U)
v0id (U1 op Uz) void(pa.U)
U't:
U=<U' void(U")
Ul
Ud:
(o)t void(U) Ut op=Qor ; or & U Y U ([pa.U/a]U)Y
Ut u eout (U1 op Ua)¥ (pa.U)¥

Fig. 3. Predicates void(U), U!, and UV

a resource of usage Uy ; Us to be accessed according to Us. As shown in the rules
(UR-Box) and (UR-UNBOX), the constructors < and # do not directly affect the
transition of a usage. Those constructors affects only the side condition U in the
rule (UR-SEQR). The premise U; A, Ui of the rule (UR-MuLT) (actually I; is
always the same usage 1 in our type system) implies that a resource of Uy ® Us
can be used according to Us ® (U] ® Us) (recall that (1® --- ® 1) ® Uz intuitively
means Us ® --- ® Us). The other premise Us LN U} means that a resource of
Us may be used first at Iy and then Uj. So, a resource of usage Uy ® Us, which
subsumes Us ® (U] ® Us), may be first used at Iy and then used according to Uj ®
(U] ©® Uy), as specified in the conclusion of rule (UR-MuLT). Rule (UR-PCoNG)
allows elimination of & and expansion of recursive usages to be performed before

the reduction. For example, we can derive 1 & I BN\ by:

L&ly <1l 1150

L&l 250

Ezxample 4.1.7. {ly;lo has two transition sequences: <Oly;lo A, O0; L

<©0;0 and $ly;ls L, Ol 0 N <0;0 but l1;15 has only the transition sequence:
I1;13 -2 015 25 0;0. (Note the righthand premise of rule (UR-SEQR).)
®(<Cly;la); s has two transition sequences:

*(Cly;lo); s N ¢(C0;10); 13 N 4(<0;0);13 b, ¢(<0;0);0

*(Oly;1o); 13 2 #(1130); 15 - #(00;0); 1 2+ #(0;0); 0
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l l /
— UR-ZERO U U
l 0 ( ) ﬁ (UR-Box)
—
U -5 Uy
; (UR-PARL) ULy
— U’
Uioly — U0l — (UR-UnBOX)
1 oU — ‘U/
Uy — Ué
et Liau oy n Lol U, 2y
1 QU2 — U ® Uy 11— Y 2 Y
L ; (UR-MuLr)
1 U1®U2_’U2®(U1®U2)
U, — U{
e E— (UR-SEQL) ;
Uy ;U — UJ ;U Uu=<u” U’ —u’
1R 122 = l (UR-PConG)
. U—U’
U, — Uy tht
—_— (UR-SEQR)
Uy ;U — Ur; U

Fig. 4. Usage Reduction Rules

(1;1) ® (I1;l2) has the following transition sequences (For the sake of readability,
we shall simply write U for 0;U):

(1) © (hila) == L® (10 (1 12))

2 00 (10 (Ii;1y))
—— 0®1® (00 (I1;12))
2,020 (00 (It;12)).

(L1 © (li3l2) — L@ (106 (1;12))
— L@l 006 (k)
L, 00L8 (06 ()
L, 0900 (00 (I1:15)).
So, (1;1) ® (I1;12) has the same transition sequences as (I1;1l2) ® (I1;15).

The set of traces denoted by a usage U, written [U ], is defined as follows.

Definition 4.1.8. Let U be a usage. [U ] denotes the set:

{1, | 301, .. Un(U 25Uy Uny 25U}

U{ly -l L[ 30U, . Un (U 25 Uy Uny 25 U, AURNY

Here, n can be 0 (so € € [U] for any U).

It is trivial by definition that [U] is a trace set (i.e., prefix-closed).
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Ezample 4.1.9.

I ={el}

I ={e

1 = {hilals |, lilsla |, Ishls |}
1= {LiLugul,..

We define subusage and subtype relations U; < Us and 7, < 75 below. Intuitively,
U; < Uy means that U; represents a more general usage than Us, so that a resource
of usage U; may be used as that of usage Us. Similarly, 7y < 75 means that a value
of type 71 may be used as a value of type 5.

In order for U; < U to hold, the condition [U7] C [Uz] is not sufficient. For
example, [l =[] = {e, 1,11} holds, but I should not be considered a subusage
of Ol: Note that [, which says that the resource must be accessed now, expresses
a more restrictive usage than <l, which says that the resource may be accessed at
any time. We, therefore, require the subusage relation to be closed under usage
contexts. Formally, a usage context, written C, is an expression obtained from
a usage by replacing one occurrence of a free usage variable with []. Suppose
that the set of free usage variables in U are disjoint from the set of bound usage
variables in C. We write C[U] for the usage obtained by replacing [] with U.
For example, if C' = po.([]; «), then C[U] = pa.(U;a). Let C = [];1’. Then,
[C] = {e LW, |} and [C[Ol] = {e, 1,1, V1,1 |,I'l |}, so that usages | and
Ol can be distinguished.

Using the usage contexts, one could define the subusage relation by: U; < U, if
and only if [C[U;]]] C [C[Uz]] for any usage context C. We, however, impose a

[o
[ pov.c

[O(hsl2);ls
[pa.(0& (I; @)

stronger condition for the convenience of proving type soundness.

Definition 4.1.10. The subusage relation < is the largest binary relation such
that for any usages U; and Us, if U; < U, then the following conditions are
satisfied:

(1) CU1] < C|Us)] for any usage context C;
(2) If Uy R U, then Uy LN U] and U] < U} for some Uj.
(3) If Ust, then Ut

Intuitively, U; is a subusage of Us if for any context C, every transition step of
C[U4] is simulated by a transition of C[Us]. It is trivial that if U; < Us holds, then
[C[U1]] € [C[U2]] holds for any usage context C.

We write Uy = U, if and only if U; < Uy and Uy < U;. Some properties of <
and usage constructors, including reflexivity, transitivity of <, commutativity and
associativity of ®, etc. are shown in Appendix A.

Example 4.1.11. U < pa.a holds for any U. Uy & Uz < U; holds for any U; and
Us. U= U ® 0 holds for any U. More laws are given in Appendix A.

Example 4.1.12. 1 < 0 does not hold, since 0! holds but /' does not hold, which
violates the third condition of Definition 4.1.10.
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4.2 Types

Now we introduce the syntax of types. As explained above, we associate both
resource types and function types with usages.

Definition 4.2.1 (TyPES) . The set of types, ranged over by 7, is defined by:
7 = bool | (1, — m,U) | (R,U)

(11 — 72,U) is the type of a function that is accessed (i.e., called) according to U.
For example, (bool — bool,1 ® 1) is the type of a boolean function that is called
twice. (R, U) is the type of a resource that is accessed according to U.

The outermost usage of 7, written Use(7), is defined by: Use(bool) = 0,
Use(t1 — 712,U) =U, and Use(R,U) =U.

We extend the subusage relation to the following subtype relation on types. As
usual, 71 is a subtype of 79, written 7 < 79, when a value of type 7 may be used
as a value of type 5.

Definition 4.2.2. The subtype relation < is the least binary relation on types
that satisfies the following rules:

bool < bool (SuB-Boor)

U<U’
(= 1, U) < (1 — 7, U")

(SuB-FUN)

U<u
(R,U) < (R,U)

(SuB-REsS)

Remark 4.2.3. Actually, we could relax the above subtype relation by replacing
rule (SUB-FUN) with the following rule.

<7 T < 74 U<U’
(11 = 72, U) < (r] — 73,U)

The replacement would make our type-based analysis more precise. We did not do
so in this paper for the sake of simplicity.

4.3 Type Judgments and Type Environments

We consider a type judgment of the form I' = M : 7, where I is a type environment,
which is a mapping from a finite set of variables to types. We use meta-variables I"
and A for type environments. We write () for the type environment whose domain
is empty. When = ¢ dom(I'), we write I,z : 7 for the type environment A such
that dom(A) = dom(T) U {z}, A(x) =7, and A(y) =T'(y) for y € dom(T).

A type environment specifies how the resources pointed to by free variables should
be accessed. For example, z: (R, Ir),y: (R, lw) specifies that the resource = should
be read once, and y should be written once. The type environment x : (R, lg;lw)
specifies that the resource x should be first read once and then written once. A type
judgment I' F M : 7 means that the expression M obeys the resource usage specified
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by I, and evaluates to a value of type 7. So, z:(R, Ig; lw) F read'” (z); write'" () :
bool is a valid judgment, but z: (R, Ig; lw) F write'" (z); read'?(z) : bool is not.

We introduce operations on type environments so that a complex specification
of resource usage may be constructed from simpler specifications. For example,
the type environment I'y; s, defined below, specifies that resources should be first
accessed according to Iy and then according to I's. As explained in Section 1,
these operations are useful for defining typing rules. We also define relations on
type environments.

Definition 4.3.1 (OPERATIONS ON TYPES AND TYPE ENVIRONMENTS) . Let C
be a usage context. Suppose that the set of free usage variables appearing in 7 or
T is disjoint from the set of bound usage variables in C. We define C[r] and C[I']
by:

C[bool] = bool

Cl(r — 12, U)] = (11 — 1, C[U))
Cl(R,U)] = (R,C[U])
dom(C[I']) = dom(T)

Cll(z) = C[I'(z)]

Let op be a binary usage constructor ‘;’ or ‘&’. It is extended to operations on
types and type environments by:

boolop bool = bool
(11 = 7o, U1) op (11 — 72, Uz) = (11 — 72,Uy0pU>)
(R,U1)op (R,Uz) = (R,U;0pUs)

dom(T'1opTa) = dom(T1) U dom(Ts)
'y (z)opTa(x) if z € dom(T'1) N dom(Ts)
(TyopTa)(z) = ¢ T'i(z)op0 if x € dom(I'1)\dom(T'2)
OopTy(x) if x € dom(I'2)\dom(T'1).

The type environment 4,I" is defined by
ol — r if x & dom(T)
T M (R,eU) T =T 2: (R,U)
Note that if I'(z) = bool or I'(z) = (11 — T2,U), then ¢,I" is undefined.
Ezample 4.3.2. Let T be z: (R,U) and A be z: (R,U’),y: bool. Then, OT' =
O =2:O(R,U) =2: (R, OU) and T;A = 2 : (R,U); (R,U")),y : (0;bool) =
z:(R,U;U"),y : bool.

We write I'y < T'y when dom(T';) 2 dom(T'2), I'1(x) < Ty(z) for all z € dom(T's),
and Use(T'1(z)) <0 for all x € dom(T'1)\dom(T'2).

4.4 Typing

Now we introduce typing rules to define the type judgment relation I' - M : 7.

As mentioned in Section 1, an escape analysis [Blanchet 1998; Hannan 1995] is
useful to refine the accuracy of our type-based usage analysis. To make our type
system simple and clarify its essence, we assume that a kind of escape analysis has
been already performed and that a program is annotated with the result of the
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¢ = true or false
“ 0o bool (T-ConsT)
c:boo
z: Otk T (T-VAR)
wjce e
-NEW
0+ new®(): (R,U)
D, f:(mn—->mnU),z:m1EM:7 o fresh (T-Fux)
-FUN
(U2 0 pa.(1® (U1 ©«))) ©OT F fun(f,z, M) : (11 — 12,U2)
1M (m1— 72,1) ok Ms:m (T-App)
-APP
;79 My Ma: 7o
't M: (R, (T-Acc)
-ACC
T acc!(M) : bool
I'y My : bool TobMs: T sk Ms:T1 (T-1¥)
-1F
Flg(rg&rg)FifMl then Ms> else M3 : 7
I'M+EMi:m To,x:mi B Mo 1o (T-Lit)
-LET
Fl;rzl—let$:M1 iIlMQZTQ
'e-M:r TN
o[+ Mist: - (T-Now)
'-M:7/ r<r’ T <T
THM:r (T-Sue)

Fig. 5. Typing Rules

escape analysis. We extend the syntax of terms by introducing a term of the form
M=} which means that = does not escape from M, in the sense that a resource
referred to by x is not contained in (is unreachable from) the value of M. For
example, (read’(z)){*} is a valid annotation, but fun(f,y,read’(z)){*} is not. A
simplest escape analysis to check whether M may be annotated as M{*} would be
to compare the type of M and that of z, as in variants of linear type system [Wadler
1990; Walker and Watkins 2001]: For example if the type of M is bool, x cannot
escape from M (in the above sense).

Typing rules are shown in Figure 5. The type judgment relation I' = M : 7 is
the least relation closed under those rules. In rule (T-VAR), the <-constructor is
applied to the type of = in the type environment, because x is used only later, not
when z is evaluated.

In rule (T-NEW), the conclusion means that new®() returns a resource that
should be used according to U. The premise [U] C ® checks that the usage U
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conforms to the programmer’s specification ® about how the resource created here
should be used.

To understand rule (T-FUN) for recursive functions, it would be helpful to first
consider the case of a non-recursive function Ax.M. The rule for non-recursive
functions would be:

Tx:mbFM:m
UoOT A e.M: (11 — 7,U)

(T-ABS)

The premise I', z: 71 = M : 75 says that, each time the function body M is evaluated,
a resource pointed to by the formal argument x is accessed according to 71 and those
pointed to by free variables in the function Ax.M are accessed according to I'. While
the value of x can vary in each function call, those of free variables are determined
when the function closure is created and remain the same during its life time. So,
if the function Az.M is called according to U, the resources pointed to by free
variables are accessed according to U ® OT'. (The constructor < is necessary since
the resources are accessed only later when the function is called.) For example, the
following is a derivation for the case where the function is called twice:

e EM:m
(1®1)eOT(=EITRCN) FAz.M: (11 = 72,1®1)

In the case of a recursive function, we have to carefully count how often the function
is called. The type (11 — 72, Us) in the conclusion means that the function is called
according to Us from the outside of the function, and the type (11 — 72,U1) in the
premise means that each time the function is called, it is recursively called according
to U; inside the function. Therefore, the function is, in total, called according to:

U010 U oU)@UoU 0U)®- )
(=Us ® pa.(1® (U © @)))

(As we have already discussed, ordering information between different function calls
is not very useful to estimate resource usage, hence ® rather than ;). Thus, the
type environment for the function is (Us ® pa.(1 ® (U; ® @))) ®<CT'.4 For example,
if the function is called twice from the outside, and if there is no recursive call, the
usage of the function is: (1®1)©®pa.(1® (0© «)) 2 1®1. If the function is called
once from the outside, and if there is zero or one recursive call, the usage of the
function is: 1 ® pa.(1® ((0& 1) ® @) = pa.(1® (0 & «)), which means that the
function may be called at least once.

In rule (T-AppP), the premises imply that resources are accessed according to
'y and T'; in M7 and Ms respectively. Because M; is evaluated first, the usage
of resources in total is represented by I'1;T's. Because the function M is called,
the usage of M; must be 1. Similarly, in rule (T-Acc), the usage of M must be [
because it is accessed at [.°

4A similar calculation is performed in linear type systems [Kobayashi 1999; Igarashi and Kobayashi
2000b; 2000a)].

5 Actually, because the value of accl(M ) cannot contain references to resources, it is safe to apply
¢ to I' in the conclusion.

ACM Transactions on Programming Languages and Systems, Vol. TBD, No. TDB, Month Year.



Resource Usage Analysis : 21

T-VAR
RO Fr @y (VAR)
(T-Acc)
z: (R, Ol1) F accli(z) : bool
1 {z} (T_NOW) (T—VAR)
z: (R, #0l;) F acc!l (z)1*7 : bool (T-SuB) z:(R,0l) Fz: (R,l2) T.S
- -SuB
z: (R,l1) F acclt (z){*} : bool z:(R,0l),y:boolk x: (R,l2) ( )
(T-LET)

z: (R,l1;Ol2) F let y = acc!t (2){#} in z: (R, 12)

Fig. 6. An Example of Type Derivation

In rule (T-IF), after M; is evaluated, either My or Mj is evaluated. Thus, the
usage of resources in total is represented by T'y; (T'y & I's). In rule (T-Now), M{=}
asserts that « does not escape from M. So, the access represented by I'(z) should
happen now, i.e., when M is evaluated. The operator @, is applied to reflect this
fact.

Example 4.4.1. A derivation for the type judgment
z: (R,11;0l) Flet y = acc ()} in 2 : (R, 1)

is shown in Figure 6.

5. TYPE SOUNDNESS

The type system in the last section is sound in the sense that every closed well-
typed expression of type 7 where Use(r) < 0 is resource-safe, provided that the
escape analysis is sound. The condition Use(r) < 0 means that resources con-
tained in the result of the evaluation may no longer be accessed. In this section,
after stating the type soundness theorem formally in Section 5.1, we prove the the-
orem using a technique similar to the one used in Kobayashi’s quasi-linear type
system [Kobayashi 1999]. We first introduce another operational semantics to the
target language—the semantics takes into account not only how but also where in
the expression each resource is used during evaluation. This alternative semantics,
defined in Section 5.2, is shown to be equivalent to the standard semantics in a cer-
tain sense and the type system is shown to be sound with respect to the alternative
semantics in Section 5.3. Readers who are not interested in proofs may safely skip
Sections 5.2-5.4.

5.1 Type Soundness Theorem

To state the type soundness theorem formally, we first extend the operational se-
mantics of the target language to deal with terms of the form M{*}. The syntax
of evaluation contexts is extended by:

E = ... ’g{r}
We add the following reduction rule, which make sure that M{*} reduces only when

the escape analysis is correct (in other words, if the escape analysis were wrong,
evaluation would get stuck):

x € FV(v)
(H, W) ~ (H,EL])
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The soundness of our type system is stated as follows.

THEOREM 5.1.1 (TYPE SOUNDNESS) . If 0 M : 7 and Use(t) < 0, then M is
resource-safe.

5.2 Dynamic Expressions

We extend the target language with letg-expressions to express “local” usages of
resources and introduce dynamic expressions.

Definition 5.2.1. The set of dynamic expressions, ranged over by D, is given by
the following syntax:

D :=letg z:U in D | true | false ’ T | fun(f,z, M) | if D; then D, else Ds
| Dy Dy | new®() |acc!(D) | let = = D, in Dy | D1#}

The expression of the form letg = : U in D means that the resource allocated
at x is used in D and that U represents the resource’s usage local to D. We

often abbreviate letg z1: U7 in ---letr z, : U, in D to letB Z: U in D and
letg 21 : (Uy;Uy) in ---letg x, : (U, ;U}) in D to letg & : (U;U’) in D.

Operational Semantics of Dynamic Expressions. An operational semantics of dy-

namic expressions is defined by the reduction relation D £, FE, in which F is either
a dynamic expression or Error. The label ¢ is either €, which corresponds to a re-
duction step in the standard semantics given in Section 3, or a variable z, which
means the usage of the heap value at x is split and localized to subexpressions.

As in the standard semantics, the reduction relation is given by using evaluation
contexts, whose syntax is given by:

Ep == []|letr z: U in Ep | if Ep then Dy else Dy | Ep D
| (letg #: U in v) p | acc!(Ep) |let 2 = Ep in D | Epl®t

The reduction rules are given in Figures 7 and 8. We write D = E for D =%

. 2%, F and write D 71 if D always reduces to an error, that is, if D = Error
and there is no D’ such that D = D’.

A rule R-Name of the standard semantics corresponds to the rule RD-Name.
Unlike the standard semantics, which keeps track of one global heap, when a heap
value at x is accessed, it must be in a local heap binding. A heap binding is
pushed into subexpressions by rules RD-NamePUsH; If there are more than one
subexpressions (as in RD-AppPusH, RD-IFPUsH, and RD-LETPUSH), the usage
U is split to two usages. On the other hand, when usages remain after the evaluation
of subexpressions, they are merged for the rest of computation (as in RD-App,
RD-IrT, RD-IFF and RD-LET).

For example, a dynamic expression let = = new{ll*‘l?}ﬁ() in (\y.y) (acc!(z)),
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[vyjceo z fresh
(RD-NEW)

Epnew?®()] - Eplletr z: U in 2]
Eplletr «: U in D{#}] 5 gp[(letg z : OU in D){w) (RD-ECHKPUSH1)

TFY

= (RD-ECHKPUSH2)
Eplletg = : U in DWW} 2 gp[(letg = : U in D){¥}]

yEFV@E)  FV() C {3)
Epl(letr Z : U in v)1¥}] = Ep|letr & : U in )]

(RD-ECHECK)

U<Ui;Us

Eplletr = : U in D1 D3] == Ep[(letr z : Uy in Dy) (letg = : Uz in Ds)]
(RD-ApPPUSH)

Epl(letr @1 : Uy in letg @ : Us in fun(f,y, M)) (letr @1 : Uy in letg @3 : Us in v)]
= Eplletr @1 : (Ur; Us) in letr @2 : Us in letg @3 : Us in [v/y, fun(f,y, M)/ f]M]

(RD-ApP)

Eplletr = : U in acct(D)] - Eplacci(letr @ : U in D)) (RD-AccPusHh)
l .

Ui — U] Ui = Uy for k #1i b = true or false (RD-Acc)

Eplaccl(letg 7 : U in z;)] = Ep[letr Z : U’ in b]

U U

(RD-ACCERR)

Eplacct(lety i : U in ;)] - Error

Fig. 7. Dynamic Expressions: Reduction Rules (1)

which is also an expression, can be reduced as follows:

let z = new!t+2} () in (\y.y) (acc!(z))

— let x =letg 2z :l; &y in 2 in (\y.y) (acc!(z))
— letg z: 1) &1y in (\y.y) (acc!(2))
= (letr z:0in \y.y) (letr z : 1y & I in acc!(z))
— (letr z:0in \y.y) (letgr z: 0 in true)
— letg z:0;0 in true
Note that this is not the only reduction sequence: in particular, an error may be
yielded earlier than expected due to wrong split of resource bindings. For example,

other possible reduction sequences are:

let z = new{i+=} () in (\y.y) (acc!(z))
=* letr z:1l; &y in (\y.y) (acc!(z))
= (letr z:1; &3 in \y.y) (letr 2 : 0 in accl(z))

€
— Error
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U<U;Us
Eplletr z : U in if D then M; else M>)]

=, &plif (letr = : U in D) then (letr z : Uz in M;) else (letr z : Us in M3)]
(RD-IFPusH)

: Uy in letr 7 : Uz in true) then (letg & : Uz in D1) else D3]
- Eplletr 7 : (Ul ;U~3) in letr 9 : UQ in Dq]

Eplif (letg

N

(RD-TFT)

: U, in letg §: Us in false) then D; else (letr 7 : Us in D»))
= Eplletr 7 : (Ul ;U~3) in letr 9 : UQ in D]

Eplif (letr

KN

(RD-IFF)

U<U;;Usz TH#yY
Eplletr z : U in let y = Dy in Do]
2L &pllet y = (letr 2 : Uy in D) in letg  : Uz in Dy]

(RD-LETPUSH)

Epllet z = (letr @ : U; in letg 7 : Us in v) in letg & : Us in M|

n let, 1 RD-L
S Eplletr & : (U1 ; Us) in letg § : Us in [v/2]M] (RD-LeT)

Fig. 8. Dynamic Expressions: Reduction Rules (2)

and
let z = new{ti+=} () in (\y.y) (acc!(z))
=* letr z:1; &Iy in (\y.y) (acc!(z))
= (letr z: 0 in \y.y) (letr z : Iy in acc!(z))

€
— Error

As we show below, however, if an expression has an error-free reduction sequence in
the original semantics defined in Section 3, there is at least one error-free reduction
sequence in this semantics.

Typing Rules for Dynamic Expressions. We extend the type system in Section 4
to dynamic expressions by adding the following rules:%

Nz: R,UFD:T

- (T-LETRES)
I'Fletr x:Uin D : 7

5.3 Properties of Dynamic Expressions

Correspondence between the Two Semantics. As is stated below in Theorem 5.3.2,
the semantics of dynamic expressions is essentially equivalent to the standard one
given in Section 3. Intuitively, the theorem states that (1) program execution
(in the original semantics) proceeds as the reduction of a corresponding dynamic
expression proceeds; and (2) if there exists an error-free reduction in the semantics

6Strictly speaking, each occurrence of the meta-variable M in the typing rules of Figure 5 (except
for T-FUN) should be replaced with D.
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(D)h — ((B)h,M) where (B, M) = (D)b
(letg = : U in D)* = (Bw{z+ U}, M) where (B, M) = (D)
()" = ({},v)

(fun(f,z, M))°
(new®())”
(if D1 then D> else D3)’

({}, fun(f, z, M))

({}, new®())
(B1 ; Ba,if M; then M; else M3)
where (B;, M;) = (D;)? fori=1...3

and B2 = Bg
(D1 D2)’ = (B1;Ba2,M; My  where (B;, M;) = (D;)" for i =1,2
(acc!(D))’ = (B,acc!(M)) where (B, M) = (D)"

(let £ = D7 in D2)’ = (B1; Bz,let x = M; in M>)
where (B;, M;) = (H;)? for i = 1,2
(DY = (e,B, M1¥1) where (B, M) = (D)’
where, By ; B2 is defined by:
By;{} =B
(ByW{z — Ui1}); (By W{z — Us}) = (B} ; By) W{z — (Ur; U2)}
and &, B by:
dom(®;B) = dom(B)
(#2B)(z) = ¢B(x)
(¢2B)(y) = B(y) ify#z
and (B)Y by:
dom((B)%) = dom(B)
(B)i(x) = [B()]

Fig. 9. Translation of Dynamic Expressions

of dynamic expressions, then so does a corresponding reduction in the standard
semantics.

We first give a few definitions to state correspondence formally: Firstly, we define
a translation (-)? from dynamic expressions to pairs of a heap and an expression
in Figure 9. Here, the meta-variable B ranges over a functions from variables to
usages; we use notations {x1 — Us,...,z, — U,} or By W Ba, defined similarly to
{1 — ®1,...,2, — D, } or H W Hy. we write {} for the empty function. For
example,

((letg z: 0 in Ay.y) (letr 2 : [ in acc!(2)))* = ({z — [0; 1]}, (A\y.y) acc!(2)).
Secondly, we define the relation < between pairs of a heap and an expression:
Definition 5.3.1. The binary relation < on heaps is defined by: H; < H, if and
only if (1) dom(Hy) = dom(Hs); and (2) Hy(x) DO Hy(x). We write (Hy, M;) <
(H27M2) if H1 S H2 and Ml = MQ.
Then, the correspondence between (H, M) and D is represented by (H, M) < (D)~.

Note that, by definition of D S , reduction preserves the following invariants,
which guarantee (-)? is well-defined: if D contains an expression of the form let = =
D'inletg Z: U in M, then (D')’ = (B,M’') and B = {& — U, § — U’} and § do
not appear in M (similarly for Dy Dy and if D; then Ds else D3). The condition
means that a subexpression being evaluated has extra heap bindings, generated
during its evaluation.
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The theorem below states that (1) reduction in the original semantics proceeds
as reduction of a corresponding dynamic expression proceeds; (2) if an error occurs
in the original semantics, so does in the second semantics; (3) for a reduction step
in the standard semantics, there may or may not exist the corresponding reduction
step. Note that, as discussed above, evaluation of dynamic expressions may cause
an error even when that in the standard semantics does not, because usages of one
resource are wrongly split.

THEOREM 5.3.2.
(1) If D = D’ and (H,M) < (D)%, then (H,M) ~ (H',M') and (H',M') <
(D! for some H' and M'.
(2) If (H, M)~ Error and (H, M) < (D)%, then D 1.
(8) If (H,M)~ (H',M') and (H,M) < (D ) then either D 1 or there exists D’
such that D = D’ and (H’, M’) < (D).
To prove this theorem, we begin with several required lemmas.

LEMMA 5.3.3.

(1) If (Ep[Do))’ = (B, M), then there exist £, My, By and By such that M = E[Mo)
and B = By; By and (Dy)* = (By,My). Moreover, (p[D}))’ = (B, M’)
implies M' = E[M})] and B' = Bly; By and (D})" = (B}, M}) for some M}, and
Bj.

(2) Conversely, if (B,E[My)) = (D), then there exist ép, T, U, Dy, By and B,
such that D = Ep[Dy] and B = (Bo; B1) W {Z — U} and (Do) = (Bo, My).
Moreover, (B',E[M{]) = (D')* implies D' = Ep[D}] and B' = (Bf; By) W {& —
U} and (D))’ = (B}, M}) for some D}y and Bj.

PrOOF. Easy induction on the structure of £p and £. [
LEMMA 5.3.4.

(1) If D =5 D', then (D)! < (D')".

(2) If D - D’ and (H, M) < (D)t then there exist H' and M' such that
(H, M)~ (H',M') and (H',M") < (D")".

PROOF. By case analysis on the rule used to derive D £, D', using Lemma 5.3.3

(1. O

PROOF OF THEOREM 5.3.2. (1) follows from Lemma 5.3.4. (2) and (3) are eas-
ily shown by case analysis on the rule used to derive (H, M) ~» (H', M'), using

Lemma 5.3.3 (2). O

5.4 Proof of Theorem 5.1.1

Main theorems are Theorem 5.4.1 that a well-typed expression never causes a usage
error and Theorem 5.4.2 that reduction of dynamic expressions preserves typing.

THEOREM 5.4.1. IfT'+ D : 7, then D /= Error.

PROOF. Suppose the reduction step is derived from RD-AcCCERR. Then, the
premise -3U.U; 1, U contradicts the assumption ' - D : 7. O
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THEOREM 5.4.2 (SUBJECT REDUCTION) . If ' v D : 7 and D . D' and

(D% = (H', M), then there exists D" such that D . D" and (D8 = (H", M)
andT'H D" : 7.

PROOF. See Appendix B. O

The complication of the statement of Theorem 5.4.2 stems from the fact that even
a well-typed dynamic expression may reduce to an ill-typed expression depending on
how a usage is split or on how a reduction step changes the usage of the used value.
So, the statement says that there is always a good reduction step that preserves the
well-typedness of the expression. Moreover, D" must be the same as D’ except for
type annotations (this is expressed by the phrases “(D’)! = (H', M)” and “(D")! =
(H"”,M)”); It is required since RD-Acc makes reduction nondeterministic.

Finally, Theorem 5.1.1 is shown from Theorems 5.3.2, 5.4.1 and 5.4.2 via the
following lemma.

LEMMA 5.4.3. If (H17M1) ~> (HQ,MQ) and (Hl,Ml) < (Dl)h and (Z) F D IT,
then there exists Do such that Dy = Dy and (Hs, Ms) < (Dg)h and O Dy . T.

PRrROOF. By Theorem 5.3.2 (3) and Theorem 5.4.1, there exists D} such that
Dy = D} and (Hs, My) < (D4)%. Furthermore, by Theorem 5.4.2 and the def-
inition of <, there exist D) and H) such that D; = Dj and @ + D} : 7 and
(DY)¢ = (H5, My). By Theorem 5.3.2 (1), there exist HY such that (Hy, M) ~»
(HY,Ms) and HY < H}. Tt is easy to show that (Hy,M;) ~ (Ha, Ms) and
(Hy, M3) ~ (HY, M) imply HY = Hs, thus, Hy < H). Letting Dy = DY fin-
ishes the proof. O

PROOF OF THEOREM 5.1.1. For the first condition of the resource safety, let
(Hy, M) be ({}, M) and suppose (Hy, My) ~ -+ ~ (H,, M,) ~ Error. Let
Dy = M. Then, by Lemma 5.4.3, there exist D1,..., D, such that D; = D,
and (H;,M;) < (D;)* and ® - D; : 7. By Theorem 5.3.2 (2), D,, T while, by
Theorem 5.4.1, D,, /~ Error. Contradiction.

For the second, by a similar argument, it can be shown that there exist  and
U such that M =—* letg # : U in v and (H,v) < (letg Z : U in v)? and
O b letg @ : U in v : 7. By inspection of the type derivation, U; < 0 for any i.
Then, by definition of <, we have U;*, thus | € H(z;). O

6. A TYPE INFERENCE ALGORITHM

Let M be a closed term. By the type soundness theorem (5.1.1), in order to verify
that all resources are used correctly in M, it suffices to verify that ) = M : 7 holds
for some type 7 with Use(7) < 0. In this section, we describe an algorithm to check
it.

For simplicity, we assume the following conditions.

—LEscape analysis has been already performed, and an input term is annotated
with the result of the escape analysis.

—The standard type (the part of a type obtained by removing usages) of each term
has been already obtained by the usual type inference. We write py for the
standard type of each occurrence of a term N.
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—Given a usage U and a set ® of traces, there is an algorithm that verifies [U ]| C ®.
This algorithm should be sound but may not be complete; in fact, depending on
U and how @ is specified, the problem can become undecidable. For some specific
trace sets, however, it is possible to construct an algorithm for checking [U]] C &:
See Section 6.6.

Because we do not expect a complete algorithm in the third assumption, our algo-
rithm described below is sound but incomplete.

Our algorithm proceeds as follows, in a manner similar to an ordinary type
inference algorithm [Kanellakis et al. 1991; Kobayashi 2000a] for the simply typed
A-calculus:

Step 1. Construct a template of a derivation tree for §) = M : 7, using usage
variables to denote unknown usages.

Step 2. Extract constraints on the usage variables from the template.

Step 3. Solve constraints on usage variables.

6.1 Step 1: Constructing a Template of a Type Derivation Tree

First, we construct syntax-directed typing rules equivalent to the typing rules given
in Section 4, so that there is exactly one rule that matches each term. It is obtained
by combining each rule with (T-SuB) and removing (T-SuB). For example, an
application of the rule (T-VAR) followed by an application of (T-SUB):

z:Otkhx:T (T-VaRr) I<z:or1 (T-SuB)
I'x:7
is replaced by one rule:
I'<z: o7 ,
I'x:7 (T-VaR’)

The set of syntax-directed typing rules is given in Figure 10.

Remark 6.1.1. Each rule in Figure 10 is obtained by combining each rule in
Section 4 with the subsumption rule (T-SuUB) applied after that rule. Alternatively,
we can obtain a syntax-directed rule by combining each rule with the subsumption
rule (T-SuB) applied before that rule. We have chosen the former approach since
the type reconstruction algorithm described below becomes a little clearer.

For each subterm N of an input term M, we prepare:
(i) a type 7y such that all the usages in 7y are fresh usage variables, and except
for the usages, 7y is identical to py (the standard type for N).

(ii) a type environment I'y such that dom(T'y) = FV(N) and for each z €
dom(T'n), T'n(z) is identical to 7, except for their outermost usages. The outer-
most usage of I'y(x) (i.e., Use(T'n(x))) is a fresh usage variable.
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¢ = true or false r<o
(T-ConsT)
I' - c:bool
I'<z:or
—_ (T-VAR/)
I'ax:7
UJCco r<o
i< = (T-NEW')
' new?®(): (R,U)
I'EM:m « fresh
I(f) =(m1 — m2,U1) if f € dom(T") Ui <0if f € dom(T)
71 < I(z) if z € dom(T) Use(r1) <0 if z & dom(T")
IV < (Uz O pa.(1® (U1 © O(M\{f,
< (U2 0 018 (U1 ©0)) @ O\{f.2}) —
I+ fun(f,z, M) : (11 — 12,U2)
i+ M:(m1 — 72,1) o Ms:m I <I'y;T9 2 < 7 (T-App')
T+ My My : 7
I'FM:(R,U U<l
( ) — (T-Acc’)

I'+ acc!(M) : bool

'y = M : bool ok Ms:T I'skMs:T I <Ty;(T2 &T'3) <7
'+ if My then Ms else M3 : 7'

(T-1¥")

MMM 7 T'oF Ma:mo
71 < Ta(z) if x € dom(T'2) Use(m1) <0 if z € dom(T'2)
[<Ty;(Te\{z})  m<7
I'klet x = My in M : 7))

(T-LET')

'EM:7
"< e, <7

IR ACO Y

(T-Now”)

Fig. 10. Syntax-Directed Typing Rules

Ezxample 6.1.2. For a term f x where the standard type of f is R — bool, we

prepare the following types and type environments:

75 = ((R,a1) — bool, as)
I'r=7f:(R,a1) — bool, as)

Ty = (R7 0[4)
I, =z:(R,as)
T¢ » = bool

Ty =f:(R,a1) = bool,ag),z: (R, ar)

We can construct a template of a type derivation tree, by labeling each node with
a judgment I'y = N : 7y. For example, for the above term f x, the template is:

f:(Rya1) = bool,as) - f: ((R,a1) — bool, as)
z:(Ryas) Fa: (R,ayq)

f:((R,a1) — bool,ag),z: (R,ar) - f z:bool
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6.2 Step 2: Extracting Constraints

In order to make the template a valid type derivation tree, it suffices to instan-
tiate usage variables so that the side conditions of a syntax-directed typing rule
are satisfied at each derivation step. We can extract from each sub-term N the
constraint C(N) given in Figure 11. For example, for a variable z, the syntax-
directed rule (T-VAR') requires that ', < z: O7,. By the construction of T'; in
Step 1, it is guaranteed that dom(T';) = {z} holds and that I',(z) and 7, are iden-
tical except for their outermost usages. We therefore generate the constraint set
C(x) ={Use(T'y(z)) < OUse(ry)} for the variable x.

Remark 6.2.1. The reason why we compare only the outermost usages above is
that in our definition of subtyping, 71 < 7 holds only if 7, and 75 are identical
except for the outermost usages. If we introduce a more general subtyping rule
(recall Remark 4.2.3), C(z) should be replaced with {T',(z) < ©7,}. The resulting
constraint set becomes a little more complex, but we can still solve the constraints
in a similar manner.

Let CS = J{C(N) | N is a subterm of M}. Then, a substitution 6 for usage
variables satisfies CS if and only if the derivation tree obtained by applying 8 to
the template is a valid type derivation tree. Therefore, the problem of deciding
whether ) = M : bool holds is reduced to the problem of deciding whether CS is
satisfiable.

Each constraint in the set CS is one of the following forms:

(1) a<U

2) [v]ce

(3) 7 = T2, where all usages in 71 and 7» are usage variables.

(4) 71 < 79, where all usages in 71 and 75 are usage variables.

Constraints of the third form (i.e., unification constraints) can be solved by using
a standard unification algorithm. Constraints of the fourth form can be reduced to
unification constraints and subusage constraints by the following rules.

CS U {bool < bool} = CS
CSU{(r — m,a) < (1f = 15,0 )} = CSU{m =71{,a =75, a<da}
CSU{(R,a) < (R,a)} = CSU{a<d}
We obtain the following set of constraints as a result:
{or <UL, o U UL[UT] € @1,- -, [U, ] € @i}
We can assume without loss of generality that «q,...,«a, are distinct usage vari-

ables, because a < Uy A a < Us holds if and only if a < Uy & Us holds.

Ezxample 6.2.2. From the template of a type derivation given in Example 6.1.2,
we obtain the following constraints:

{ag < Cag, a5 < Cay, a5 < ag,ar < as, a3 < 1, (R,a1) = (R, a4), bool < bool}.
By reducing the constraints, we obtain the following constraints on usages:

{ag < Cag, a5 < Cau, a6 < 3,07 < 5,03 < 1}
with a substitution [oy/aq].
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(¢) = {7c = bool}
(z) = {Use(I'z(x)) < OUse(rz)}
(new?®()) = {[[ Use(Tpewe()) ] C @}
(fun(f, , M)) =
{Lm(f) = (r1 — 72,0) | f € dom(T'm), Teun(f,e,00) = (11 — 72, U)}
U{B <0 f¢&dom(Tar)}
U{domty(Teun(s,z,0r)) < T (@) | z € dom(T'ar)}
U{ Use(domty(Toun(s.0.01)) < O | & & dom(Tar)}
U{ Use(Ffun(f,z,M) (y))
< (Uselrun o0y © (1 ® (8 © ) © O Use(Tr (3)
|y € dom(Leun(y,z,m))}
(B is fresh)
C(M1 M) =
{Use(Tary a1, (@) < Use((Uagy 5T ) (@) | @ € dom(Uagy arp)}
U{Use(tnm,) < 1}
U{domty(Tar,) = Ty, codty(Tar, ) < Ty Mo )
C(accl(M)) =
{Use(rar) <1}
U{Faccl(]M) (y) = FM(y) ‘ [AS dom(FM)}
C(if M; then M else M3) =
{Tm, = bool, Tar, = Tars}
U{Use(Ti¢ ay then My else M3 (Y)) < Use((Tary; (Tar, & Tary))(y))
| S dom(rif M, then My else M3)}
U{Tis M then My else M3 < TAL )
C(let z = My in M) =
{rat, < Tary(@) | @ € dom(T'asy)}
U{Use(rar,) <0 | = & dom(T'ar,)}
U{Use(Tiet a—ny in 11, (1)) < Use((Taryi Tasy) (9)
| AS dom(rlet z=DM; in Mz)}
U{Ta, < Tlet =My in Mo}
c(M{w}) =
{Use(T 12y (z)) < ®Use(I'n(2))}
U ey (@) S Tm(y) |y € dom (D) \{z}}
U{tmr < Topiay }

domty and codty is defined by: domty(m1 — 72,U) = 71 and codty(m1 — 72,U) = 72.

Fig. 11. Constraints Extracted from Each Sub-Term

6.3 Step 3: Solving Constraints
Given the set of constraints {a; < Uy,...,a, < U} U{JU{] € ®4,...,[U. ] C

®,,}, we can eliminate the first set of constraints by repeatedly applying the fol-
lowing transformation rule:

CSU{a<U} = [ua.U/a]CS.

Then, we check whether the remaining set of constraints is satisfied (using the
algorithm stated in the third assumption).

6.4 Properties of the Algorithm

The above algorithm is relatively sound and complete with respect to an algorithm
to judge [U] C ®: The former is sound (complete, resp.) if the latter is sound
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(complete, resp.). Note that in the step 3 above, we are using the fact that pa.U is
the least solution of &« < U in the sense that U’ < [U’/a]U implies [ ua.U] C [U'].

Suppose that the size of the standard types py of subterms is bound by a con-
stant. Then, the computational cost of the above algorithm, excluding the cost
for checking the validity of constraints of the form [U] C @, is quadratic in the
size n of an input term. Note that the size of each constraint set C(N) in Step
2 is O(n). So, the size of the set CS of all constraints is O(n?). It is reduced to
constraints on usages in O(n?) steps and the size of the resulting constraints in Step
2 is also O(n?). Therefore, the total cost of the algorithm is O(n?). Actually, we
expect that we can remove the assumption that the size of standard types is bound,
by performing inference of standard types and that of usages simultaneously, in a
manner similar to [Kobayashi 2000a]. (If we choose the more general subtyping rule
given in Remark 4.2.3, the assumption about the type size cannot be eliminated to
guarantee that the algorithm runs in time O(n?).)

Although our algorithm (excluding an unspecified algorithm for checking con-
straints of the form [U] C ®) requires quadratic time in the worst case, we think
that the algorithm runs in linear time for ordinary programs. The size of each con-
straint set C(IV) is linear in the number of free variables in N, and hence it is O(n)
in the worst case. For ordinary programs, however, the number of free variables in
each sub-term can be regarded as a constant, hence our algorithm typically runs in
linear time.

We assumed above that a whole program is given as an input. It is not difficult
to adapt our algorithm to perform a modular analysis: The first and second steps
of extracting and reducing constraints can be applied to open terms. The third
step can also be partially performed, because constraints on a usage variable a can
be solved when we know that no constraint on « is imposed by the outside of the
program being analyzed. For example, consider the following expression:

let © = new?®() in (read'?(z); write'" (y); close'® (y)).

Here, ® = ((Ig +lw)*lc |)*. By carrying out the first and second steps of the
algorithm, we obtain the following type judgment and constraints:

z: (R,a;) F let z = new®() in (read'?(z); write'" (y); close'“ (y)) : bool
a1 <Ig az <lw;lc [oz]l € @.

Since aip cannot be constrained by the outside of the expression, we can solve the
constraints on as, and obtain the following simplified type judgment and constraint:

z:(R,a1) F let = new?®() in (read'” (z); write'™ (y); close'“ (y)) : bool
(65) S lR.

6.5 Examples

We give examples of our analysis. We often omit annotations on escape information
below, but assume that terms of type bool are appropriately annotated with escape
information (as in (acc! (r)){"}, (f r){"}). For readability, usage expressions are
often replaced with equivalent but simplified ones: for example, U is substituted
for ¢OU.
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Ezxample 6.5.1. Let us consider the program in Example 2.2. The template of
type derivation for the program is of the form (unification on some usage variables
has been already applied for the sake of readability):

Firpo: (Raw) i ibool 0Fmew®():(R,ar) f:7),r:(R,ap) - initl (r); / r: bool
O+ fun(f, @,if ---): 7} firpblet r= new?®r () in (init'Z (r); f r) : bool

0 F let f = fun(f,z,if ---) in let r = new®r () in (init" (r); f r) : bool

Here, 74 = ((R,a;) — bool,ay) and 7; = ((R,a;) — bool,a)). We get the
following constraints on usage variables a, and «;.:

{ax S lR; (ZF & (ZW7az))7 Qe S ll§aw7 [[ar]] g (I)r}

The first constraint is obtained from the derivation for f:7¢,2:(R, a) - if - - -:bool
and the second constraint is obtained from the derivation for f:7;,7: (R, ;) F
init' (r); f v : bool. By solving the first two subusage constraints, we get «, =
Ir; pog.(Ir; (Ir & (lw; ). By substituting the solution for the third constraint,
we get

[12: peve(1as (1 & (ws @) ] = (e (rlw) Trlr 1) € @,
Since @, = (I;(Igr + lw)*lF l)ﬁ, we know that the program is well-typed.
Ezxample 6.5.2. Let us consider the following program:

let f = fun(f,z,if reale(x) then true
else (push'"*" (z); f z; pop'Per (z))) in
let r = new® () in

fr

The usage of r, inferred in a manner similar to the above example, is
pee.(Ig; (0 & (Lpush; o lpop))). It implies that r is accessed in a stack-like man-
ner: Each access push is followed by an access pop. This kind of access pattern
appears in stacks, JVM lock primitives [Bigliardi and Laneve 2000], memory man-
agement with reference counting [Walker and Watkins 2001] (counter increment
corresponds to push and decrement to pop).

Ezample 6.5.3. Let us consider the following program:

let f = fun(f,g,g true; f g) in
let » = new?" () in
f (Az.read'?(r))

It first creates a new resource r, and passes to f a function to access the resource.
f calls the function repeatedly, forever. The template of type derivation for the
program is of the form:

f:T},r:(R,oc'r) F M : bool

f:7f,9:7g - gtrue; f g:bool 0+ new® () : (R, ar) forpri(Ryor) B M1r} : bool
O+ fun(f,g,g true; f g) : TJ’, I 7'} F let r = new®r () in M{"} : bool

0+ let f = fun(f, g, g true; f g) in let » = new?® () in M1} :bool
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Here, M = f (\z.read'?(r)), 7, = (bool — bool,ay), 74 = (1, — bool, a;), and
T} = (14 — bool, a}). From the template, we get the following constraints on oy
and «;.:

{og <Lag, ar < ®ap, a; <(ag O pa (19 (00 @))) © Olg, [ar] € O}

The first constraint is obtained from the derivation for f:7¢, g: (R, 74) I ¢ true; f g¢:
bool and the third constraint is obtained from the derivation of f:7¢,7: (R, ;) -
M :bool.

From the first three constraints, we get:

ay = po.(l;a)

o, = eal.
= ¢((ag O pa.(l1® (00 ) ©lg)
o O(ag®<>lR)
= pa.(lg; o)

So, we know that r is accessed at [ infinitely many times. (As a by-product, we
also know that the program never terminates, because no trace in [, ] contains

1)

6.6 Some Algorithms for Checking [U] C ®

In the discussion above, we assumed that there exists an algorithm to verify [U] C
®. There is obviously no complete algorithm to verify [U] C ® for arbitrary U
and ®, since it subsumes the inclusion problem between context-free languages. For
some specific set &, however, there is an algorithm to verify [U ]| C ®.

We informally present a sound (but incomplete”) algorithm for the case where
¢ = ((lg+iw)*le l)ﬁ, which denotes the usage of files. Constraints of the form
[UT C ((Ig + lw)*lc 1)* can be expanded into the following form:

1€ ((r+lw)*lc 1)
S Fl(ala"wan)
.SF

[

(o, .., an)

Here, each Fj(a1,...,a,) consists of usage variables a1, ..., a,, usage constants,
and usage constructors other than the recursive usage constructor. Since the goal
is to check whether [y ] C ((Ig + lw)*lc |)¥, we need not obtain the exact value
of a1. So, we solve the subusage constraints over the abstract domain:

{,U,CV.OJ, 07 URW» <>URW; UCv UError}

where Ugw = pa.(0& (Ig; o) & (ly; ), Ue = Opa.(lo & (Ig; ) & (lw; «)), and
Ugrror = COpa.(0& (Ig;a) & (Ig; ) & (lw; ). By abstracting usage constants
and constructors in F; accordingly, we obtain the following abstract version of the

"It is probably possible to construct a complete algorithm with a little more complication,
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constraints:
la1] € (g + lw)*lc 1)
ar < Fag,...,ap)
a, < Fg(al, cey Q)
For example, the constructor ® is replaced by the following abstract operation:
®b Ho.x 0 Urw OUrw Uc Ugrror
pov.o pov.o pov.o Urw SUrw Uc Ugrror
0 po.a 0 Urw  OUrw Uc  Ugrror
URW URW URW URW & URW UE rror UErTor
CUrw | OUrw  OUrw OUrw  CUrw  Ugror  Ugrror
UC UC UC UEr'ror UEr'ror UError UError
UError UError UError UET‘T‘OT UErr'or UError UError

Since the abstract domain is a finite semilattice, we can solve the inequalities by
using the standard method [Rehof and Mogensen 1999]. [a1] C ((ig + lw)*lc 1)*
holds if o is pa.av or Ue.

The case where ®, = (I;(Ig + lw)*lp |)* (recall Example 2.2) can be dealt with
in a similar manner. For the trace set ® = {I}}, . lpo, [ 7 > 0}, which represents
the usage of a stack, we think we can develop a sound algorithm (that may not
be complete) to verify [U ] € ® by modifying the algorithm given by Iwama and

Kobayashi [2002].
7. EXTENSIONS

We discuss some extensions to refine our type-based usage analysis.

Polymorphism and subtyping. As in other type-based analysis, polymorphism on
types and usages improves the accuracy of our analysis. Consider the following
program:

let f = \z.(acc" (z); ) in (acc™(f y);acc’(f 2))

There are two calls of f. The return value of the first call is used at I and
that of the second call is used at l3. So, the best type we can assign to f is
(R,11; (12 & 13)) — (R, 12 & 13),14;15), and the type of y is (R, 11; (I & 13)). If we
introduce polymorphism, we can give f a type Va.((R,l1;a) — (R, @),l4;15), and
we can assign a more accurate type (R, l;;l2) to y. Similarly, our analysis becomes
more precise if we relax the subtype relation (see Remark 4.2.3).

Dependencies between different variables. Our type-based analysis is imprecise
when there is an alias. For example, consider the following program:

(let y = 2 in (acch (z); acc’?(y)))1*}
The type inferred for z is (R, ®(<lo;lq)) (which is equivalent to (R,l2 ®11)). So,
we lose information that x is actually used at l; and then at l;. The problem is
that a type environment is just a binding of variables to types and it does not keep
track of the order of accesses through different variables. To solve the problem,
we can extend type environments, following our generic type system for the -
calculus [Igarashi and Kobayashi 2003]. For example, the type environment of the
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expression accl (x); acc!?(y) can be represented as z: (R, [1); y: (R, l2), which means
that x is accessed at [y, and then y is accessed at l. Then, we can obtain the type
environment of the whole expression by: [z/y](z: (R,l1);v: (R,12)) = z: (R, 11;12).
With the extension above, we expect that the type inference algorithm and its time
complexity do not change so much, although the proof of type soundness becomes
more complex.

Combination with region/effect systems. Regions and effects [Birkedal et al. 1996;
Tofte and Talpin 1994] are also useful to improve the accuracy of the analysis. Con-
sider a term (\y.acc' (z)) acc'?(x). The best type we can assign to x is (R, Oly; l2),
although the term is computationally equivalent to let y = acc!2(z) in acc’ (z).
The problem is that rule (T-FUN) loses information that free variables in Ax.M are
accessed only after the function is applied.

We can better handle this problem using region and effect systems [Birkedal
et al. 1996; Tofte and Talpin 1994]. Let us introduce a region to express a set of
resources, and let r be the region of the resource x above. Then, we can express

the type of A\y.acc’(z) as bool i bool, where the latent effect r'* means that
a resource in region r is accessed at l; when the function is invoked. Using this
precise information, we can obtain 7/2; 7" as the effect of the whole expression.

There is, however, a drawback in region and effect systems. Since the effect
ri2: 7l tells only that some resource in region r is accessed at I and then some
resource in region r is accessed at l;, we do not know whether z is indeed accessed
at [1 and Iy if r represents multiple resources. Multiple resources are indeed aliased
to the same region, for example, when they are passed to the same function:

let x = new() in let y = new() in (f(z), f(y))

A common solution to this problem is to use region polymorphism, existential types,
etc. [DeLine and Fahndrich 2001; Tofte and Talpin 1994; Walker et al. 2000], at
the cost of complication of type systems.

We have recently studied a combination of our type system with regions and
effects to take the best of both worlds [Kobayashi 2003]. The resulting analysis
no longer requires a separate escape analysis, because region/effect information
subsumes escape information. Development of a type inference algorithm for the
new type system is under way.

Recursive data structures. It is not difficult to extend our type-based analysis to
deal with recursive data structures like lists. For example, we can write (R, U) list
for the type of a list of resources used according to U. (Note that in DeLine and
Fahndrich’s type system [DeLine and Fahndrich 2001], existential types are required
to express similar information.) The rules for constructing and destructing lists can
be given as:

Fll_MllT FQ"MngliSt
T'y;To B My oo Ms 7 list

FlleiTliSt
Lok My:7' Tg,x:7,y:7 list = M3 : 7/
I';(T2 & Ts) - case My of nil = My |z iy = M3 : 7/
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If we are also interested in how cons cells are accessed, we can further extend the
list type to ((R, Uy) list, Us), which means that each cons cell is accessed according
to UQ.

8. RELATED WORK
8.1 General Type Systems for Resource Usage Analysis

The goal of our type system is close to that of DeLine and Fahndrich’s type system
for programming language Vault [DeLine and Fahndrich 2001; 2002] and Foster,
Terauchi, and Aiken’s type system [2002]. We discuss relationship between our type
system and them in this subsection.

Their type systems keep track of the state of a resource and ensure that only
valid operations are performed on the resource in each state. For example, let
us consider socket libraries. Socket libraries contain various functions to access
sockets, but they should be applied in a particular order: the function bind should
be first called, and then the function listen should be called, etc. To enforce such
usage of sockets, the following types® are assigned in Vault [DeLine and Fihndrich
2001]:

socket : -+ — (sock, raw)
bind : (sock, raw) — (sock, named)
listen : (sock,named) — (sock, listening)

The types specify that the function socket creates a new socket in state raw, that
the function bind takes a socket in state raw and changes its state to named, and
that the function listen takes a socket in state named and changes its state to
listening. These types enforce that bind is first applied to a new socket, and then
listen is applied. In our resource usage analysis, a similar effect can be achieved by
assigning to socket the following type:

socket : - -+ — (sock, bind; listen; - - )

The usage bind; listen specifies that bind and listen should be applied in this order.

Although the difference above may not look essential, both approaches have
both advantages and disadvantages. A disadvantage of our approach is that usage
expressions are so expressive that there is no complete algorithm for deciding [U ] C
® (i.e., whether the inferred usage U conforms to the specification ®). As we
discussed in Section 6.6, however, we think that for a certain class of languages
for describing ® (regular languages, in particular), we can develop an (at least
sound) algorithm for checking [U ] € ®. On the other hand, our approach has the
following advantages. First, the other type systems [DeLine and Fahndrich 2001;
2002; Foster et al. 2002] cannot deal with resources that can have infinite states
(like stacks), but our type system can, as long as the number of operations is finite.
For example, the state of a stack can be expressed using a sequence of actions push
and pop in our approach. Second, our approach seems to require less complex type
machinery. To see the advantage, consider a resource to which an operation f can

8The notation used here is simplified and is imprecise. For precise descriptions, see their pa-
pers [DeLine and Fahndrich 2001; 2002; Foster et al. 2002].
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be applied at most twice. Then, the resource can be modeled as an automaton with
3 states qo, q1, g2 such that f can be applied in gy and ¢; and the state becomes ¢;
and g respectively. Since f can be applied in two states, the following intersection
type has to be assigned in the approach of extending types with states of resources:

f((R,90) = (R,q1)) AR, 1) = (R, g2))

On the other hand, we just need to assign type (R, f; f) to a new resource. Third,
our approach can easily deal with concurrent access to resources. Let M;||Ms be
an expression that evaluates M7 and M, in parallel and returns the result of Ms.
Then, the typing rule for the expression is given as:

F1FM12b001 FQFMQZTQ
Fl ®F2 }_ MlHMg LTy

Notice here that ® is used to combine environments instead of “;”. For example,
the following type derivation expresses that the file z is read twice.

z: (File,l) F fread'® () : bool
z : (File, ) F fread'® () : bool

z: (File,lp ® Ig) F fread'® (z)||fread'” (z) : bool

On the other hand, it is not obvious how to extend the type systems in [Foster
et al. 2002; DeLine and Fahndrich 2001; 2002] to deal with concurrency. For ex-
ample, if one wants to check that a file is read exactly twice (as in the example
above), the file must be given three states: not_read, read_once, read_twice. Then,
in fread'® (z); fread'” (x), the first fread'” (z) would be given a typing which ex-
presses that the file state is changed from not_read into read_once, and the second
one would be given a typing which expresses that the state is changed from read_once
into read_twice. In the case of freale(x)Hfreale(x), however, fread'” (z) cannot
be typed since we cannot statically tell which fread'®(z) is executed first.
Another technical difference between our type system and their type systems [De-
Line and Fahndrich 2001; 2002; Foster et al. 2002] is that our type system uses the
ideas of linear types, while their type systems use the ideas of region/effect sys-
tems. (The type system of Vault [DeLine and F&hndrich 2002] also uses some idea
of linear types, but in a way different from ours.) As we sketched in Section 7,
both approaches have advantages and disadvantages: In the region/effect-based
approach, the analysis becomes imprecise when multiple resources are represented
by the same region. The type system of Vault, therefore, uses complex type ma-
chinery such as bounded polymorphism and existential types, so that automatic
type inference is not possible. Foster et al.’s type system [Foster et al. 2002] ba-
sically gives up keeping track of the state of resources that may be aliased to the
same region and introduces a special programming construct to partially solve the
problem. On the other hand, our analysis based on linear types becomes imprecise
when resources are put into a closure (as mentioned in Section 7). We have recently
extended our type system with ideas of region/effect systems, but a type inference
algorithm for the new type system has not been developed yet [Kobayashi 2003].
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The type system of Vault [DeLine and Féhndrich 2001; 2002] requires explicit
type annotation, while in our type system and Foster et al.’s type system [Foster
et al. 2002], types can be inferred automatically. Annotation of trace sets (P) is
necessary in our framework, but it is only used to declare valid access sequences. It
is necessary because the valid access sequences vary depending on the type of each
resource. Typically, declaration of a trace set needs to be done only once for each
kind of resource. For example, the following program defines new_ro and new_rw
as functions to create a read-only file and a read-write file respectively:

let new_ro = \r.new(/rtc l)m() in
let new_rw = Az.new((rHw) e ¥ () jn ...

Here, we assume that the primitives for reading, writing, and closing a file are an-
notated with [g, Iy, and lc, respectively. As for the analysis cost, except for the
unspecified algorithm for checking constraints of the form [U ]| C ®, the time com-
plexity of our analysis seems comparable to that of Foster et al.’s analysis [Foster
et al. 2002]: the worst case time complexity of both analyses is O(n?).

Vault’s type system can check dependencies between multiple resources (e.g., the
property that a certain set of resources are guarded by a lock), while our present
type system cannot. The type system of Vault and Foster et al.’s type system [Foster
et al. 2002] can deal with pointers, while the target language of our analysis is
a purely functional language. We expect that our analysis can be extended to
deal with these points by using techniques we developed elsewhere [Igarashi and
Kobayashi 2003].

8.2 Other Related Type Systems

Technical ideas of our type-based analysis are similar to the quasi-linear type sys-
tem [Kobayashi 1999] for memory management and type systems for concurrent
processes (especially, those for deadlock-free processes) [Igarashi and Kobayashi
2003; Kobayashi 2000b; Kobayashi et al. 2000; Sumii and Kobayashi 1998]. The
quasi-linear type system distinguishes between candidates for the last access (la-
beled with 1) to a heap value and other accesses (labeled with § or w), and guar-
antees that heap values judged to be quasi-linear are never accessed after they are
accessed by an operation labeled with 1. Similar typing rules are used to keep
track of the access order (although the details are different). The idea of usage
expressions was borrowed from type systems for concurrent processes [Igarashi and
Kobayashi 2003; Kobayashi 2000b; Kobayashi et al. 2000; Sumii and Kobayashi
1998]. In those type systems, usage expressions express how each communication
channel is used.

The problem of linearity analysis [Gustavsson and Svenningsson 2000; Turner
et al. 1995; Wadler 1990; Wansbrough and Peyton Jones 1999] can be viewed as
an instance of the resource usage analysis problem: By removing information on
label names and access order from usage information, we get linearity information.
Our type-based analysis subsumes the linear type system of Igarashi and Kobayashi
[2000a].

Among previous work on region-based memory management, most closely related
would be Walker et al. [2000; 2001] and Grossman et al. [2002]. Given programs
explicitly annotated with region operations, their type systems check the safety of
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the region operations through a type system. (On the other hand, most of other
work on region-based memory management [Aiken et al. 1995; Birkedal et al. 1996;
Tofte and Talpin 1994] inserts region operations automatically.) However, unlike in
our type-based usage analysis, programs have to be explicitly annotated with type
information that guides the program analysis in their type systems.

Freund and Mitchell [1999] proposed a type system for Java bytecode that guar-
antees that every object is initialized before being used. Although the problem
of checking this property is an instance of the usage analysis problem, our type-
based analysis presented in Section 4 is not powerful enough to guarantee the same
property. The main difficulty is that in typical Java bytecode, a pointer to an unini-
tialized object is duplicated into two pointers, one of which is used to initialize the
object, and then the other is used to access the object. The successor of our type
system [Kobayashi 2003] can, however, deal with that problem.

Flanagan and Abadi [1999a; 1999b] studied a type system that ensures that a
certain lock is acquired before a shared resource is accessed. Our present type
system cannot be used for that purpose since our type system cannot keep track
of dependencies between multiple resources. As we mentioned above, we expect
that our type system can be extended to analyze ordering between accesses to
different resources by introducing techniques developed for type systems for the
w-calculus [Igarashi and Kobayashi 2003].

8.3 Other Methods for Resource Usage Analysis

There are other approaches to verification of similar properties of programs, using
dataflow analysis [Das et al. 2002], model checking, and theorem provers [Ball and
Rajamani 2002; Henzinger et al. 2002; Flanagan et al. 2002]. One advantage of type-
based approaches in general seem to be that modular analyses can be performed
using standard techniques for type inference and that there is a standard, syntactic
technique for proving soundness (using the subject reduction property). Besides
this general difference, Das et al.’s method [2002] seems to suffer from a problem
similar to that of the region/effect-based approach explained in Section 7; when
different resources may flow into the same argument of a resource access primitive,
their analysis seems unable to determine whether the primitive is indeed applied
to the resources. On the other hand, their approach has an advantage that it
can deal with value-dependent behavior, unlike the type-based approaches [DeLine
and Fahndrich 2002; Foster et al. 2002] including ours. For example, consider the
following program fragment:

if (d){lock(1) ;2

if (d){unlock(1);}
Their analysis [Das et al. 2002] can check that lock primitives are correctly used,
while the type-based approaches including ours cannot.
9. CONCLUSION

We have formalized a resource usage analysis problem as generalization of various
program analysis problems concerning resource access order. Our intention is to
provide a uniform view for various problems attacked individually so far, and to
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stimulate development of general methods to solve those problems. As a starting
point towards the development of general methods for resource usage analysis, we
have also presented a type-based method.

Much work is left for future work. In order to deal with various kinds of resources
and programming styles, it is probably necessary to extend our type-based method
as discussed in Section 7. In fact, our current type-based method does not subsume
many solutions proposed for individual problems [Freund and Mitchell 1999; Walker
et al. 2000]. It is also left for future work to choose a language appropriate to specify
valid trace sets (®), and design a practical algorithm to check that inferred usages
conform to the specification (i.e., [U] C ).

We used the call-by-value simply typed A-calculus as a target language of our
type-based analysis. It would be interesting to develop a method for usage analysis
for other languages such as imperative languages, low-level languages (like assembly
languages and bytecode languages), and concurrent languages. A rather different
method may be necessary to analyze those languages.

APPENDIX
A. PROPERTIES OF THE SUBUSAGE RELATION

LEMMA A.1. The relation < satisfies the following propositions:
1

2
3

4
5

) < is reflezive and transitive,

) if Uy = Us, then Uy < Us,

) 0=Z0oU,

Y U220, U2U;020U®02000U,
Y U=IoU,

6)

7)

8
9

(

(

(

(

(

(6) U1 Uy =2U; @ Uy,

(7) (U1 ®@Uz)@Us = U, @ (U ® Us),

(8) U@ Uy Uy ;3 Us,

(9) if Uy, then Uy ; Uy < Uy ® Us,

(10) if U1Y and UsY, then Uy ; Uy = Uy ® Us,
(11) (Ur;U2) ® (Us; Uy) < (U @ Us) 5 (U @ Uy),
(12) (Ul (9 Ud) & (UQ ® U3> = (Ul & UQ) ® Us,
(13) (UhoU))0oUs=U, © (U ®Us),

(14) O(U1 0 Uz) 2 U; © OUs,
(15) U 0 Uy 2 OU; O Us,
(16) (U1 oU )@ (U0U") = (U1eUs) 0 U,
(17) U oU) U oUy)=U"6 (U, @ Us),
(18) (U1;Uz) 00U < (U1 0U)@ (U, 0U"),
(19)

(20)

(21)

(22)

(23)

OOU 20U < U,

O(U @ Uz) 2 OU; ® OUs,
21) O(Uy 0 Uz) < OU; © OUs,
22) U < &U,

23) eU; ® U S‘(U1®U2),
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(24) If U < C[U], then U < pa.Clal,
(25) [U] =[<U], and
(26) If Uy < Uy, then [Uy] C [Ur].

PrOOF. 1, 2, 25, and 26 immediately follow from definitions. Proofs of 3-24 are
similar to each other. We give only a proof of U < 0;U (a part of 4) below. Let S
be the following binary relation on usages:

{(CUy,...,U,],C[0;Un,...,0;U,])
| U1,...,U, €U,C is a usage context with n holes}.

The required property U < 0; U follows if we show S C <. Therefore, it suffices to
show that any (U, Us) € S satisfies the following three conditions:

(1) (C[U1],C|Us)) € S for any usage context C;

(2) If Uy LN U, then Uy LN Ui and (U7,U}) € S for some Uj.

(3) If Ust, then Uyt

The first and third conditions are trivial. We show the second condition by induc-

tion on derivation of Us LN U, with case analysis on the last rule used.

—Case (UR-ZERO): This case cannot happen.
—Case (UR-PARL): In this case, it must be the case that:
U, = Cl[‘/la - 7Vm] X CQ[Vm+17 . ,Vn]
U, :Cl[O;Vl,...,O;Vm]®02[0;Vm+1,...,0;Vn]
C1[0; V4,...,0; V] = Uy
U, =Us @ C2[0; Vins,...,0;V,]

By the induction hypothesis, there exists U{; such that C1[Vi,..., V] L Uiy
and (U1,,U};) € S. So, Uy = Uy @ Ca[0; Viyya, - .., 0; V] satisfies the required
condition.

—Case (UR-PARR): Similar to the case for (UR-PARL).

—Case (UR-SEQL): Similar to the case for (UR-PARL).

—Case (UR-SEQR): In this case, either of the following conditions holds:
(1) Us=0;Uy, U, - U, and U, = 0; U".
(2) Uz = C1[05Vh, ..., 0;Via]5C2[0; Vit - -+, 05 Vi), C[03 Vi, ..., 03 V] —

Uy, and Uj = C1[0; V4, ...,0; V] ; Us.

In the first case, U; = U’ satisfies the required condition. A proof for the second
case is similar to the case for (UR-PARL).

—Case (UR-B0OX): In this case, it must be the case that:
Uy = OC[VA, ..., Vi
U2 :OC[O,V&,,O,‘/"J
ClO;Vi,...,0; V] =5 U
Uy =oUy

By induction hypothesis, there exists Uy’ such that C[Vi,...,V,,] -4 1" and
(U{,U4) € S. So, Uj = OUY satisfies the required condition.
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—Case (UR-UNBOX): Similar to the case for (UR-BOX).
—Case (UR-MuLT): Similar to the case for (UR-PARL).
—Case (UR-SMuLT): Similar to the case for (UR-PARL).
—Case (UR-PCONG): In this case,

Uy =C[0:V4,...,0:V,] =C'[0;V,...0; V] -5 U3,
withC < C"and V; < V/,...,V, X V. SinceU; = C[V4,...,V,] K C'[V{,..., V],
the induction hypothesis implies that there exists U] such that

Ul jcl[‘/llavv'r:] L)U{
and (U{,U}) € S. O
LEMMA A.2.

(1) If UL, then (Uy;Us) ©Us) @ Uy < (UL @ Us) © Uy) 5 (Uz © Us) ® Uy), and
(2) (U ©0U) ©@Us) © Uy < Uy © O((Up @ Us) ® OUY), and
(3) ifUy <1, then (U © (pa.1® (U2 © )))0Us < Us®((Uz © (pa.1 @ (U © a)))O
Us).
PRrooF.

1. By the following calculation:

(U1;U2) ©U3) © Uy
(U1 0Us)® (Us ®U3)) ©@ Uy (Lemma A.1(
(U10U3); (Uz0U3)) © Uy (Lemma A.1
(U1 0Us) ©Us) @ (U2 ©Us) ©Uy) (Lemma A.1(
(U1 0Us)0Us); (U20Us) ®Uy)  (Lemma A.1(
2. By the following calculation:

(U1 00U2) ©Us) © OU4

18
8
18
10

INININIA

)
)
)
)

— — — —

< (U 0U;) ©Us) ®<CUs (Lemma A.1(15) and (14))
<U;® ((U2 ® Ug) ® <>U4) (Lemma A1(13))
< U ® <>((U2 ® U3) ® <>U4) (Lemma Al(lg) and (15))

3. By the following calculation:
(U160 (pal® Uz @) ©Us

< (pal® (U 0 a)) ®Us (U; <1 and Lemma A.1(5))
<1 U0pal1® U @a)))©Us (Lemma A.1(2))
< Us® (U0 (pal® (U2 © ) ©Us) (Lemma A.1(18) and (5)) O

B. PROOF OF THEOREM 5.4.2
LEMMA B.1 (INVERSION) .
(1) fTFa:7, thenT < xz:O7.
(2) IfT+true: 7 or 't false: 7, then I' <0 and 7 = bool.

(8) IfTtFletg x:U in D: 7, then there exist I" and 7" such that T,z : (R,U) F
D:7 withD <IV and 7 <.
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(4) IfT + fun(f,z, M): 7, then there exist o, Uy, Us, 71,72, and I'y such that Ty, f:
(m = U,z bEM:mandT < (U @ (pa.(l1®@U; ©®a))) © Oy and
(Tl — TQ,UQ) S T.

(5) If '+ Dy Do : 7, then there exist T'y,T'a, 71, and 1o such that Tv F Dy : (11 —
TQ,].) andI‘g |_D2 I T1 and I §F1;F2 andTQ S’T.

(6) IfT Fif Dy then D, else D3 : 7, then there exist T'1,T5,T's, and 71 such that
't Dy:bool and ok Dy:71 and Ts - D37 and T < T'y;(F2 & T'3) and
T < T.

(7) If T - new®() : 7, then T' < 0 and there exists U such that [U] C ® and
(R,U) <.

(8) IfT' I~ acc!(D): 7, then T = bool and there exists I'y such that 'y = D : (R, 1)
and I' <T.

(9) If T let « = Dy in Dy : 7, then there exist T'1,T'a, 71, and 1o such that
Fl FDl T andfg,x:ﬁ FDQZTQ andFﬁFl;I‘g andTg ST.

(10) If T + D=} . 7. then there exist T1,71,72 such that D1,z : 7 F D : 7o and
I'<Ty,z:em and 5 < 7.

PRrROOF. Immediate from the fact that a type derivation of I' - D : 7 must end
with an application of the rule corresponding to the form of D, followed by zero or
more applications of rule T-SuB. [J

LEMMA B.2.

(1) If T F fun(f,z, M) : (11 — 72,U1;Us), then there exist I'y and Ty such that
L Ffun(f,z,M): (11 — 72,U}) and U; < U] for i =1,2 and I' < T'1; 5.

K3

(2) Similarly, if T+ fun(f,z, M) : (11 — 72,U; ® OUs), then there exists T such
that TV = fun(f,x, M) : (11 — 72,U3) and Uz < U5 and T' < U; © OT7.

PROOF.

(1) By Lemma B.1,T' < (U’ © pa.(1® (Uy © @))) 0O and IV, f: (1] — 15, Uy), x:
b M:7and (r{ — 75, U") < (11 — 72,U; ; Us). By rules T-FuN and T-SUB,
fori=1,2,

(U; ® pa.(1@ (Ur ©a))) © O+ fun(f,z, M) : (11 — 72, U;).
Finally,
T < (U, 60 pe.(1® (U ©a)) o Oor); (U260 pa.(1@ (Ur @ a))) © OTY)
by Lemma A.2(1).

(2) By LemmaB.1,T < (U' © pa.(1®@ (Uy © @))) 0T and IV, f:(1] — 75, Uy), :
b M:7and (1] — 75,U') < (11 — 72,U; ©®OUz). By rules T-FuN and
T-SuB,

(U © pa.(1® (Ur ®a))) © O F fun(f,z, M) : (11 — 72, U2).
Finally,

I < (U 000:) 0 pa.(l1@(Ur ©a))) oI

<
< U 00U 0pa.(l® (Ur©a))) o oI
by Lemma A.2(2). O
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LEMMA B.3 (SUBSTITUTION) . IfT'y, 27 F M:1p and o - viry, then 1 QT
[v/x]M : T5.

PrOOF. We first prove the case where v is true, false, or fun(f,y, M’) by struc-
tural induction on the derivation of I'1,z : 7y B M : 75 with a case analysis on the
last rule used. We show a few representative cases below.

Case T-VAR. If M =2, then 'y = 0 and 7y = $7m. Since O < 79 and
I'y; =0 ®Ty, by rule T-SUB, ) ® I's - v : 5. The other case where M = y # x is
also easy.

Case T-FUN. M = fun(f,y, M)

U=U;® pa.(1® (U; ©a))

IF,z:m =UOOT,z:U OO

D, f:(m21 = 722, U1),y: To1 b My : T2
Ty = (T21 — Ta2, Us)

By Lemma B.2(2), there exists I'y such that I, - v: 7 and 74 < U @ <7y and
Iy < U @ OTIY. Thus, by the induction hypothesis, we have

Iy @y, f: (121 — Ta, Ur),y = To1 b [v/z] Mo : Taa.
By rule T-FUN,
U© O @) - fun(f,y, [v/z]Mo) : (t21 — 722, Ua).
By Lemma A.1 (20) and (17),
(UoOT) @ (U e oTy) <U O[T @lh)

and T-SUB finishes the case.

Case T-APppP. M = M; M,y Fl,LE 1T = Fll;rlg
F11|_M12(’7'11—>’7'2,1) Flzl_MQZTll

Without loss of genericity, we can assume x € dom(I'11) N dom(T12) and 71 =
711; T12. By Lemma B.2(1), we have I'y; and T'as such that

ForFoim P o [y <To1;T 90
Then, by the induction hypothesis, we have
I'i®Iy F [’U/SL’]Ml : (7’11 — To, 1) I'io®I9 F [U/aj]Mg P T
and then by rule T-APpP,
(Fll ® Fgl); (Flg ® FQQ) l_ [’U/.I,‘}(Ml Mg) L To.
Finally, by Lemma A.1(11),
(T115T12) ®@ (T21;T92) < (T @ Tap); (T2 ® Taa)
and rule T-SUB finishes the case.
Case T-Now. M =M" T =e,y TokM:7
Easy. Note that it cannot be the case that x = y, since ®,I'g is well defined and 7,
should not be (R, U).
The case where v is a variable, we need to prove a slightly stronger statement.
In particular, straightforward induction fails since I' - z : 71; 7o does not imply the
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existence of I'y and I'y such that I'; F x:7; for i = 1,2 and I' < I'y;T'5. Thus, we
prove that, if T,z :7, b M : 7, then T ®y: 7, b [y/z]M : 7, by structural induction
on the derivation of I'y,x : 74 = M : 7. The proof itself is straightforward. Then,
by Lemmas B.1 and A.1(19), T'ys < y: O <y : 7. Finally, use T-SuB. O

LEMMA B4, IfToFD:1 andTo - D' : 1y, then T F Ep[D] : 7 iff T + Ep[D’] :
T.
PrROOF. By structural induction on &p. [

PROOF OF THEOREM 5.4.2. By a case analysis on the reduction rule used. We
show a few representative cases below.

Case RD-ApPPUSH. D = Ep[letR z:U, in Dy DQ]
D' = SD[(letR T le in Dl) (letR xT . UQLQ in Dg)]
E=z
By Lemma B.4, it suffices to show that if I'g F letg « : U, in Dy D5 : 7 then there
exist U., and U., such that Ty - (letg « : U.; in Dq) (letr = : UL, in D3): 19 and
Up < UpyiUpy.
By Lemma B.1,
Iy,z: (R, U,) F Dy Dy 7 Iy <Ty 70 < 1o
and
thi (R, U11) = D1 . (7'22 — ’7'6, 1) FQ,IE : (R, U12) H D2 . T22
Iy <T'y;Ts U, <Ui1;Urz 70 < To
By rule T-LETRES,
Fl = letR xZ Ull in Dl : (7’22 — 7’67 1)
and
Fg = letR xX U22 in D2 1 T29.
Rules T-ApP and T-SUB finish the case.
Case RD-APp. D = Ep[(letr 41 : Uy in letg @3 : U in fun(f,z, M))
(letR .’fl : l~]4 11;1 letR .fg : U3 il’l;U)}
DI = Sp[letR [fl : (yl ; U4) in letR fg : U2 in
letg @3 : Us in [v/z, fun(f,z, M)/ fIM]
By Lemma B.4, it suffices to show that
FO - (letR fl : Ul in letR fg : UQ in fun(f,a?,M))
(letr 27 : Uy in letg 73 : Us in v): 7o
implies
FO - letR .fl : (Ul ) U4) in letR fg : U~2 in letR .fg : U3 in
[’U/.T, fun(f, €, M)/f}M - 70-
By Lemma B.1,
Fl = letR ,’fl : Ul in letR ,fg : UQ in fun(f,x,M) : (TQ — T[I), 1) (1)
ok letg #1 : Uy in letr 23 : Us in v : 7o
Iy <T'y;Iy 70 < To
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and, furthermore, by repeating Lemma B.1 it is easy to show that there exist T}
such that
I+ fun(f,x, M) : 7y
Ty, 71 : (R, U1), %2 : (R, U2) < T

75 < (12 — 75, 1). (2)
Similarly,
Iykov:ry (3)
FQ,SEl . (R, U4),’j‘3 . (R, Ug) S F/2
T8 < To. (4)

By (1) and Lemma B.1, there exist o, U1, Uya, Ty1, Ty2, and I'Y such that

Flll,fl(’l'fl — T, Up1), i1 M i 7po (5)
I'N < (Up 0 pa.(1® (Un © @) © OTY (6)
(771 = 7p2,Uy2) < 75. (7)

By (2), (4), and (7), 75 < 71 and 7y2 < 79 and Uy < 1. By (5) and rule T-FUN,
Ui © (,UJOZ.(I & (Ufl O] Oz))) O] <>F/1/ F fun(f,x, M) : (Tfl — T2, Ufl). (8)
By (5), (8), (3), and Lemma B.3,
I @ (Up © po(1® (Upy © ) © OTY) @ Ty = [fun(f,z, M)/ f,v/x]M : 752
Then, by Lemma A.2(3) and Lemma A.1(19),
(Up ® pa.(1@Up © @) @O < OTY @ (Us1 © pa(1®@ (Upr © a)) © OI'Y)
<T@ Up 6pa(leUnea)ooTy)
and thus
Iy o T - [fan(f, 2, M)/ f,v/a]M : 77,

From (6), for any i, there exists U}, such that Uy; < U}, and UJ". (If z1; ¢
dom(T')), take O for Uy,.) Then, by Lemma A.1(9), U, ; Uy; < Uj; ® Uy, and so
Uii ; Uy < U{; @ Uy;. Thus, we have
(Fl ® Fg), 52'1 . (R, Ul; 04), .%2 . (R, Ug), jg . (R, Ug) l_ [fun(f, Z, M)/f, ’U/SU]M . Tf2.
By rules T-LETRES and T-SUB, we have

FO F letR fl : (Ul ] U4) in letR fg : UQ in letR S(::3 : Ug in

[fun(f,z, M)/ f,v/x]M : 19,

finishing the case. [
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