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6: EEBFEAX—L(HORS)
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(RAEN) TR =T,
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\H: A D GDERTE5KTree(G)rZETHMNED
RAL TS HEE DB
- Does every finite path end with “c"?

- Does "“a"” occur below "b"?
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(ARBEZZEIT D) A - (EE)

A= Q A g F) A
s ANESOERESE Q REOARES
qo: FIRAIRTE A: BREFA(Q >4 9)DEE

F: SEBREBORE
A Hlw=aq,...a, & ZH

k@’ 39;...9, (90 a1 91>a2 ---an Gn€ F) /

Bl (BBE Do FOEBEZE T 54—
({a,b}, {even,odd}, A, even, {even})

A= {even —», odd, odd —, even,
even -, even, odd —, odd}

even -, odd —, odd -, odd —, even’i TabbalkZHE
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(A= Q A q) A
: ANEBSDOEREE (arity D F)

Q: REDAHBRES qo: PIHAIRRE qlT/Té\
A: E*zjﬁﬁ“(q —>aq1 --. qar'ify(a) )@%A P

A BNKRTEZHE
K@ TOE/—FIZEBRAUIZHE-T-REBEIY X THATFE Y,

Bl:azBHESOAREZEYT 54—FTR a’ "
({a/2,b/1,e/0}, {even,odd}, A, even) e / \ odd

= {even —,0dd even, even —_even odd, / \
even eve eve

odd —_even even, odd — odd odd,
even —>peven, odd —,odd, even —, } n|
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(byTEOL) R ERA—FT R

(A= Q 5, q0) h
: ANRREDEREKS(arityDF)
Q: REDEEREE qo: #IHAIREE
5: BB
CRRRE. ANEEED#%E(.q), N,V true,falseh b 5HEXICER)
A DRTEHZHE

\_® BRIRA oA — R TR DRIEET . SHE AT A Y

Pl:azBHBESTCREZEHTHRZAERS—FTR
({a/2,b/1,e/0}, {even,odd}, 5, even)

S(even, a) = ((1,even)/\(2,0dd))V ((1,0dd) A(2,even))
8(odd, a) = ((1,even)/\(2,even))V ((1,0dd) A(2,0dd))
d(even, b) = (1,even) &6(odd, b) = (1, odd)

d(even, e) = true d(odd, e) = true
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q0
90 c /GQ . q0 -, q0 qO0
1|q0/\°q0 q1 -4 ql

I e o o ql %C 8

qlcl: bal
41
tiq “a"” does not occur below “"b”

ql
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qU ¢ aqg q1 -, q
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¢ SEEHICLEINEE

HEA < Bichi < 7/\1J7+ (=Muller=Streett= Rabin)

¢ safety property D
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(q.)=0, Q(q,)=1, Q(q.)=2
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¢ ERTETILRELEF MG

Tree(G) is accepted
if and only if
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q0
90 c /GQ . q0 -, q0 qO0
1C|q|:)/\c1‘10 ql -, q1
X qlg bq/O\ q0 >

| ql —>_ ¢

qlcl: bal -
I
iql "a"” does not occur below “"b"
ql
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¢ F—FTrUDREERDE EHT
- g REEGHSZESNEZADE

A

- qInq2: KREql1 LD A I ZETEZELARADE

Is Tree(G) accepted by A?

v

Does Tree(G) have type q,?




AIZEE 9 HBIF (OCAKk) D E

ql—- q2:
functions that take a tree of type ql
and return a tree of q2

A4




AIZEE 9 HBIF (OCAKk) D E

qinq2 > q3:
functions that take a tree of type qlAq2
and return a tree of type q3

93 ql, q2
q2 + ‘ s q2
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(91 - q2) — q3:
functions that take a function of type q1 — q2
and return a tree of type q3




Example

4 )
Automaton:
Go —a 90 90 9% 291 91 b 9
Qo ¢ & Q1 ¢ &
- J
a: 9o >90—90 b: q,—q, Ax.a ¢ (b x): q;—>qq

bQo

9o a0
2 N
q;




i napgsilll

Q 24 q1-Qn € A

[, %:T X1

Fa:q;>.-q,>¢

Tt TALAT, =T
I, x:it,..., X:T, |-t:'c T |-t2;1;i (i=1,..n)
L FAXt TALAT, T Tkttt

T T, ¢ T (for every F,:tel’)
I_ {Fl_).rl ..... Fn — Tn} I




i napgsilll

Q 24 q1-Qn € A [
( A""

|'Cl:q1 -».->q,~>q
I, x:tq,..., X:t, Ftit Tty (i=1

L FAXt TALAT, T Tkttt

T | T, ¢ T (for every F,:tel’)
I_ {Fl_).rl ..... Fn — Tn} I
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4 )
Automaton:
Qo —a 90 90 G 2p91 91 b q:
9 Qo ¢ ¢ Q1 ¢ & y
—a: qo>90 >q0  X:Qo |- X: Qo |-bi:q1—>qy  x:qy|-x:qy
Xiqo |- a X:qo—qo x:q; |- (b x): qo

X:qo, Xiq; |-a X (b X): go

~2x.a x (b x): 9oAq;1—q0



i napgsilll

Q 24 q1-Qn € A

[, %:T X1

Fa:q;>.>q9,>¢

Tt TALAT, =T
I, x:it,..., X:T, |-t:'c T |-t2;1;i (i=1,..n)
L FAXt TALAT, T Tkttt

T | T, ¢ T (for every F,:tel’)
I_ {Fl—)‘l'l ..... Fn — 1'n} I




SESEZABRUNOEFHH

(HORS: S > Fc F - ix.a x (F (b x))
Automaton:

Go —2a 90 90 G 2p91 q1 2p
\__90 2 E Q1 ¢ &

5:q0, F: qonq1—>qp |- Ax.a x (F (b x)): qorq1—> qo
5:qo, F: qoAq1—>qo |-F ¢ & qo

I-{S— F ¢, F - Ax.a x (F (b x))}: {S:q9, F: 90/Aq1—9q0}



BOATLDREEMETEM

[K., POPL2009]

4 )
Tree(6) is accepted by Al
if and only if
S has type q, in TS(A),
i.e. Ar.(S:qpe I' A |-{F>1y,..., F,.->t}:T)
\- /
G = {F, »t, ..., F, ot } (with S=F))

A: Trivial automaton with initial state q,
TS(A): Intersection type system for A

Al: Extension of A with rule q »>, ¢ for each q
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- ERM7ILTYXL(TRecSTILTYAX L)
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BOATLDEEMETEM

(BBRA—FI O DBE)

/Tr'ee(G) is accepted by A A

if and only if
S has type q, in TS(A),
\i.e. ar.(S:qpe I' A |-{F;>1,,..., F,>1t}:T)

G = {Fl —)1'1, e, Fm —)*m } (Wi'rh S=F1)
A: Trivial automaton with initial state q,
TS(A): Intersection type system for A



BOATLDEZMEETESM

ﬁee(@) is accepted by A \

if and only if

S has type q, in TS(A),

i.e. Ar.(S:qpe T' A |- {F;>1..... F,.->t}:T)
if and only if

dr.(S: qo € TAV(Fivel.T|-1,.: )
if and only if

Ir.(S: g e T A T'= H(T))
\ for HI') = { Fiitel | T|-t.:1} /

e ——

[ Function to filter out invalid type bindings ]
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r A
Is there a fixedpoint of H greater than {S:qy}?
k(wher'e HT) = { FiiteT|T|-1:1})

J




Naive Algorithm [K. POPLO9]

1 .Compute the greatest fixedpoint I' ¢, of H A
(HI) = { FyiteT|T|-1;it)})
2-Check whether S:qpe T'gy, y

I 1ax (the set of all possible type bindings)
H(T ra) S
HA(I ax)
Hs(rmax)

x fixedpoint



Example
¢ HORS: s 5> Fc¢c F - Ax.ax (F (b x))
(S:0, F: 0—0)

¢ Automaton: g 5,99 9 =9 91 —b G
Qo —c & Q1 —c &

Fmax= {5:90. 5:q;. F:T—>qq, F: T—>q,, Fiqy =qo. F:q; —qo,
F: 9o A1 —q0, F: 9o =91, F: q1 >q;, F: qo Aq; —q4}

H(Fmax) = { Site 1_‘max | 1_‘max |_ F C:T}
U{Fitel | Fnxl-Ax.a x (F(b x)) :1}

= {S:q0, S:q;, F: qo >qo. F: qorq; —qo}
H?(T'pox) = {S:q0. F: qonq; —q0}

H3(Tmax) = {S:q0. F: qorqs =90} = HA (T pay)



Naive Algorithm [K. POPLO9]

1 .Compute the greatest fixedpoint I
(HI) = { FyiteT|T|-1;it)})

gfp Of H

N

J

2-Check whether S:qpe T'gy,

I 1ax (the set of all possible type bindings)

ﬂ(rmax)
H2(I )
Hs(rmax)

Drawbacks:
- Huge cost for computing H
- Huge number of iterations

(both as huge as |I', .| =
(AQ)!*e

o(l6lx k /2 )
;-

2 A: largest arity

) Q: automaton size




How large is I', ., ?

I..: The set of all possible type bindings for non-terminals

sort # of types for each sort
(Qz{qu ql ’ q20 q3})
o (trees) 4 (90.91.92.95)
0O —>0 24 x4 = 64 (AS>q, with SGZQ, qeQ)
(0—0) > o0 204 x4 = 266
((0>0) > 0) >0 | 26 10000000000000000000
2 x4 > 10

) Z(AIQI)“S
el = OUG17,° )
2
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Practical Algorithms k. PPDPO9] [K.Fossacs11]
N

(1 .6uess a type environment I',

2.Compute greatest fixedpoint I" smaller than I',
3.Check whether S:iqpe T

Cl. Repeat 1-3 until the property is proved or r'efufedj

I 1ax (the set of all possible type bindings)




Practical Algorithms [k. PPDPO9] [K.FossSacs11]
N

(1 .6uess a type environment I',

2.Compute greatest fixedpoint I" smaller than I',
3.Check whether S:iqpe T

Cl. Repeat 1-3 until the property is proved or r'efufedj

I 1ax (the set of all possible type bindings)




How to guess I'y?
I

max

¢ PPDPQO9 algorithm

- Reduce a recursion scheme
a finite number of steps

- Observe how each function
is used and express it
as fypes

¢ FoSSacCS11 algorithm

- Like PPDP0O9, but avoid
reductions by using game
semantic interpretation of
types

I'o

H(To)
HZ(FO) X

X

{S:q0}



Example
® HORS: s 5 Fc¢c F - Ax.ax (F (b x))

(S:0, F: 0—0)
¢ Automaton: g 5,99 G =9 91 —b G
Qo 2c & Q1 2c &
5%, F do0y dlo — a o
/\ 5./ AN
QOC F(b 5 q QO

"°b F(b(b e)y°
q1 cl:



Example
® HORS: s 5 Fc¢c F - Ax.ax (F (b x))

(S:0, F: 0—0)
¢ Automaton: g 5,99 G =9 91 —b G
Qo 2c & Q1 2c &
Ty :
S'% F é'_) aqo — a9 S: qq

F(b g) Q{\QO

"°b F(b(b e)y°
q1 cl:



Example
® HORS: s 5 Fc¢c F - Ax.ax (F (b x))

(S:0, F: 0—0)
¢ Automaton: g 5,99 G =9 91 —b G
Qo 2c & Q1 2c &
Ty :

o g o Jo

S—>Fc- a —> a S: qq

AN . 5
F(b 5 q{ qO F: 2 > Jo

"°b F(b(b c)y°
q1 CI:



Example
® HORS: s 5 Fc¢c F - Ax.ax (F (b x))

(S:0, F: 0—0)
¢ Automaton: g 5,99 G =9 91 —b G
Qo 2c & Q1 2c &
Ty :
5 F g aqo - a S: qq
AN .
F(b 5 q{ qO F: o N Q4

"°b F(b(b c)y°
q1 CI:



Example
® HORS: s 5 Fc¢c F - Ax.ax (F (b x))

(S:0, F: 0—0)
¢ Automaton: g 5,99 G =9 91 —b G
Qo 2c & Q1 2c &
Ty :
1o, F go aqo — q S: qq
AN .
F(b Cq) { qO Fo qo/\ ql

"°b F(b(b N F: qo— g
q1 |
C



Example
® HORS: s 5 Fc¢c F - Ax.ax (F (b x))

(S:0, F: 0—0)
¢ Automaton: g 5,99 G =9 91 —b G
Qo 2c & Q1 2c &
Ty :
S% F go aqo — a S: qo
AN :
F(b C% { qO Fo qo/\ ql

0 Foo f° %o = 9o
a F: T - qo



Practical Algorithms k. PPDPO9] [K.Fossacs11]
N

(1 .6uess a type environment I’y

2.Compute greatest fixedpoint I smaller than I,
3.Check whether S:iqpe T

Cl. Repeat 1-3 until the property is proved or r'efufedj

I'o={S: qo. F: g0 A 91— qo.
F: qo—> qo. F: T— qo}

H(ro) - { Fj:T € rolro |—1'j:T}

= {S: qo. F: 90 A ¢1— qo.
F: q0— qo}

H3(I'g) = {S: q0. F: qo A g1~ qq}
H3(T'g) = {S: q0. F: qo A g1~ qq}



TRecS [K. PPDP0O9]
http://www-kb .is.s.u-tokyo.ac. jp/~koba/trecs/

) Type—Based Model Checker for Higher-Order Recursion Scheme — Mozilla Firefox

rE R®ED FrOL EEG Tuhw-dE w-l@D AT

@ - c &y | |J httped A kbeceitohoku.ac jp /" kobatrecss
[B] & RBr— P Firefox BETHLD ] BEIZ21-7
| '] FrartPaze - Kobalab Wiki

| | Type-Based Model Ghecker for.. [ | v $47Fe—BRERTFIHRI -0

TRecS (Types for RECursion Schemes): Type-Based Model Checker for )
Higher-Order Recursion Schemes

Enter a recursion scheme and a specification in the box below, and press the "submit" button. Examples are given below. Currently, our model checker only accepts deterministic Buchn
automata with a trivial acceptance condition.

¢ The first model checker for recursion
schemes

¢ Based on the PPDPQO9 algorithm,

Iqu L L R N I 4 | = W I8 P Y ) e = T o1 ) Y R T R e 0 O N ) T Y
~N1 FH == 1
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I 75 A RE

¢ (EETHRLND) B IEREBREnEE
B ezh., BULGHRIBOERGE,NFLON
NEZOZEMDHEIXES
(Cf. NP?EQFnﬁEE)

¢EEBMN7ILTUXLTIZHBRIEDEBODNR
DEEIRTBEIZEST. BLDAAIZ
DVTHIEICEIME
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